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QQ ! In this thesis, we discuss bosonic and supersymmetric Yang-Mills matrix models with 

O \ compact semi-simple gauge group. 

^ ' We begin by finding convergence properties for the models. In the supersymmetric 

■ case, we show that the partition function converges when Z) = 4, 6 and 10, and that 



X 



correlation functions of degree k < kc = 2{D — 3) are convergent independently of the 



D , group. In the bosonic case we show that the partition function is convergent when 



D > Dc, and that correlation functions of degree k < kc are convergent, and calculate 
Dc and k^ for each group. 

We move on to consider the supersymmetric theories in both their Yang-Mills and 
cohomological formulations. Specialising to the case of SU (N) with large N, we find 
all quantities which are invariant under the supercharges. 

Finally we apply the deformation method of Moore, Nekrasov and Shatashvili directly 
to the supersymmetric Yang-Mills model with D = 4. We find a deformation of 
the action which generates mass terms for all the matrix fields whilst preserving some 
supersymmetry. This allows us to rigorously integrate over a BRST quartet and arrive 
at the well known formula of MNS. 
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Chapter 1 
Introduction 



In this chapter, we give a brief introduction to Yang-Mills matrix models and discuss 
some of their applications in modern physics. 

1.1 Yang-Mills Gauge Theories 

The Yang-Mills matrix models are related to gauge theories by dimensional reduction. 
In this section, we recall the structure of Yang-Mills gauge theories, and this will allow 
us to set up the notations used throughout the thesi^. 

A Yang-Mills gauge theory in D dimensions has Lagrangian 

C = -^F^-'^^.Vij. (1.1) 

The fields in this theory are the vector potential X^, and fermions ip*^. Here /i is a 
spacetime index running from up to — 1 , and for the moment we use a Minkowski 
metric. The 7^^ are Dirac matrices, and ip is defined 

^ = V^V- (1-2) 

The fields are in the Lie algebra of a compact semi-simple gauge group G so we can 
write 

x, = x';e ^„ = <r (1.3) 

where the (a = 1, ■ ■ ■ , 5^) are the generators of the Lie algebra which we choose such 
that 

Tift^ = 25"'' (1.4) 
^In this section we follow the notation and conventions of M. 
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and 

[r, t''] = i/^'x^r. (1.5) 
The gauge field strength F is defined 

f;, = d,x: - d,x; + cr'^xlx: (1.6) 

and the gauge covariant derivative is 

{v,^T = d,r + cr'''xir. (i.r) 

The parameter c is a couphng constant. The theory is invariant under gauge transfor- 
mation 

^ ^ Ui;U-^ , X^ ^ UX^U-^ - ic-\d^U)U-^ (1.8) 

where U & G. The fermions are optional in this model. We can define a purely bosonic 
gauge theory by simply omitting them. 



1.2 Spinors and Supersymmetry 

Concentrating on those theories that contain fermions, we now recall the spin structure. 
For the present, we continue to use Minkowski metric rj'^'^ = diag(— 1, +1, ■ ■ ■ , +1). In 
any dimension D, we can find an irreducible representation of the Dirac matrices 7^^ 
which satisfy the Clifford algebraQ 

{Y,Y} = 2v'''i. (1.9) 

Then, defining 

s''' = l[Y,r] (1.10) 

one can verify that these matrices satisfy the Lorentz algebra 

[5^", 5™] = - r/^"5"" + r]P^S''^ - t]"'' 8"^ (1.11) 

On the other hand, we have the Lorentz generators 

(jVf-p)M = Y'^Sl - T^^^'SP (1.12) 

^In this section, we follow |p[ . 
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which act on the ordinary spacetime indices carried by X^. These two representations 
of the Lorentz algebra are inequivalent. We define Dirac spinors ipa to transform as 

ij ^i^ + LUp^SP'^i: (1.13) 

whilst transforms as 

^X^' + Up^^MP^Y^X" (1.14) 
under an infinitesimal Lorentz transformation. The nice property 

[7^,^^"] = (M''")^;7'^ (1.15) 

shows that the Dirac matrices are invariant under Lorentz transformations, and so the 



Lagrangian |1.1| transforms Lorentz scalar 



When D is even, one can define 

7 = (-l)i(^+V7'---7''-' (1.16) 

which has the properties 

f = 1, {7,7^ = 0, [7,5'"^] = 0. (L17) 

Then 7 is Lorentz invariant, and has eigen-values +1 and —1. In this case, we can 
define Weyl spinors by projecting onto one of these eigen spaces. 

If it is possible to choose the Dirac matrices to be all real or all imaginary, then one 
can impose the spinors to be real and still preserve Lorentz symmetry. This is called 
the Majorana condition, and is possible when D = 0, 1, 2, 3 or 4 (mod 8). (Of course, 
it may be more convenient to work in a different basis in which the Dirac matrices are 
not all real or all imaginary, and in that case one needs to appropriately modify the 
Majorana condition.) Precisely when D = 2 (mod 8), it is possible to apply both the 
Weyl and Majorana conditions. 

We are particularly interested in the possible dimensions and spinor types for which 
the theory |0| may be supersymmetric. The crucial constraint is that there must be 
the same number of physical bosonic modes (that is {D — 2)g) as physical fermions. 
The size of the minimal representation of the Dirac matrices increases very rapidly 
with D, so this can only be possible for certain small D. In fact it is possible in D = 3 
with a Majorana spinor, D = 4 with a Weyl (or Majorana) spinor, D = Q with a Weyl 
spinor and D = 10 with a Majorana- Weyl spinor. All of these theories are invariant 
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under the supersymmetry 

as long as one applies the equations of motion. This may not seem like much help, 



but it is possible to introduce some auxiliary fields to |LT|, and then write down a 
supersymmetry which is also valid off shell. We shall do this explicitly for D = 4 in 
chapter ^ 

Each of these theories has {D — 2)g physical fermionic degrees of freedom. The 
spinor index a runs from 1 to 2{D — 2) in the case of a real (Majorana) representation, 
and from 1 to D — 2 in the case of a complex representation. Then we see from |1.18| 
that there are M = 2{D — 2) real supercharges. 



1.3 Yang-Mills Matrix Models 



To obtain a Yang-Mills matrix model, we take the Lagrangian and assume all 
the fields are independent of space and time. Effectively, this means we drop all the 
derivative terms from 

At this stage, we also move from Minkowski to Euclidean signature. We do this by 
setting 

Xo« = ^X^, (a = l,---,(7) (1.19) 
and taking the Xf^ real. We also set 

7° = ^7^. (1.20) 

We have been careful to leave this manipulation until last because we wish to study 
the 'Wick rotation" of a Minkowski theoryQ This leads to a rather strange effect in 
the case of D = 10 when the fermions are Majorana. Since the Dirac matrices can no 
longer all be imaginary, an SO{D) transformation would break the Majorana condi- 
tion. However, after integrating out the fermions, full SO{D) invariance is restored 
since we can analytically continue in X^. 
We arrive at the matrix model action 

Sym = -Tr (^i [X„ X,] [X„ X,] + ^^^7'^ [X^, ^] j (1.21) 



■^We certainly do not attempt to give any justification for performing a Wick rotation here. How- 
ever, the reader may take some solace from the fact that, in one case, it is precisely this model that 
appears physically. This is the Yang-Mills integral as the bulk part of a Witten index, which we shall 
discuss a little more later. 



1.3 Ytiug-Mills Mcitrix Models 
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where we have dropped the couphng constant c since it can be scaled out in a trivial 
manner. In those cases where the fermions were originally Majorana (before Wick 
rotation), we may choose the representation in which the are real. In those cases 
where the fermions are complex, it will sometimes be convenient to re- write the (■0^) 
for each a as a real vector of double the length. We can also absorb the 7° which 
appears in the definition of into the 7'*. Thus we shall sometimes write the action 
in the form 

Sym = -Tr Q [X„ X,] [X„ X,] + \'>l^aKp #]) (1-22) 

where the are some new matrices defined in terms of the 7^^, and the -0^ are now 
always real. In the case where the original fermions were complex, the range of the 
indices a and j3 has been doubled. 
We define a partition function 

DM/ \ 

Zd,g - \{dX^\{ di^a exp I J] IV [X„ X^f + -IV^^afr^^X^, V'/?] (1-23) 

/i=l a=l \ / 

which we shall also sometimes refer to as the Yang- Mills integral. In principle one can 
integrate out the fermions to obtain 




(1.24) 



where the Pfaffian Vd,g is a homogeneous polynomial of degree ^Afg- In this repre- 
sentation, the gauge symmetry is 

X^ ^ U^Xi^U, UeG (1.25) 

and SO{D) symmetry 

X^^J^Qi^-^-^ Q^SO{D). (1.26) 
In addition, we shall consider simple correlation functions 



< Ck{X,) > = 




with Ck a function of the which grows like a polynomial of degree k. 

We shall study two cases of particular interest. In the first case, we suppress the 
fermions and consider the purely bosonic model (so that the number of supercharges 



6 



Chapter 1: Introduction 



is A/" = and the Pfaffian is just 1). Since the bosonic action also gives the exponent 
in all models which include fermions, it is crucial for understanding the behaviour of 
the flat directions and how they can be suppressed. Secondly, we study the models 
with supersymmetric action. They can only be written down when D = 3, 4, 6 and 
10, and have A/" = 2{D — 2) real supercharges. In the particular case of D = 10, this 
is the IKKT model of JIB string theory. 



The first question one must ask about these models is whether the integrals |1.25 
and |1.27| which define the partition function and correlation functions are well defined. 
Certainly, we must require at least that the partition function is finite for the theory to 
make any sense. The difficulty here is that the potential Tr [X^, X^y] [X^, X^,] has flat 
directions in which the matrices commute. For example, in the bosonic case, one can 
move to infinity along one of these directions whilst keeping the integrand constant, 
and thus it was widely believed that these integrals may be infinite. However, in 
the case of SU{2) it is possible to perform the integrals for the partition function 
exactly. This was done originally in the supersymmetric cases |^|-^ and it was found 
that the partition function does converge at least for D = 4, 6, 10. Subsequently, 
eigen- value densities and some correlation functions have been calculated in [0]. It 
was believed that the supersymmetric versions should be more convergent than the 
bosonic because the contributions from the fermionic integrals would be close to zero 
near the fiat directions. However, the SU{2) bosonic partition function was calculated 
in [|], and was found to converge when D > 5. 

The authors of were able to use Monte Carlo methods to calculate the super- 
symmetric integrals numerically for SU{2) and SU{3), and the calculations have been 
extended to various other gauge groups, and also to the bosonic theories 0,[1O|- A 
difficulty with numerical simulations for the supersymmetric integrals is in performing 
the fermionic integrations to obtain the Pfaffian, and for this reason, the exact model 
has only been studied for the smaller gauge groups. However, the bosonic models 
have now been studied for SU{N) with N up to 768 [|TT],|T^. Analj^ic approximation 
schemes have also been constructed for the bosonic models in [^| and recently for the 



D = 4 supersymmetric model []14 



The conclusions of the numerical methods are that the supersymmetric partition 
function converges when D = 4,6, 10 and that the bosonic partition functions converge 
at least when D is large enough [|lOl . Chapter ^ of this thesis will be devoted to an 
analytic study of the convergence properties of these integrals. 



1.4 The IKKT Model of the IIB Superstring 
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1.4 The IKKT Model of the IIB Superstring 

The supersymmetric Yang-Mills matrix theory with D = 10 has been proposed as a 
constructive definition of IIB superstring theory [|l^]. We give a very brief introduction 



here, but for a review see 16 



The idea of the IKKT conjecture is to begin with the Green-Schwarz action for the 
superstring in the Schild gauge: 



GS 



X28) 



Here a are 2- dimensional world-sheet coordinates, g = det{gab) is the determinant of 
the world sheet metric, and a,f3 are parameters (which could be scaled out). The x'^ 
are target space coordinates, and the Poisson bracket is defined 



{x, y} = -^e^^daxdby. 



1.29) 



The theory is then regularised essentially following a method of Goldstone and Hoppe 
(for a review, see |T^). A function y on the world sheet is replaced by an x 
traceless hermitian matrix F, with a correspondence 



;i.3o) 



d cry gy ^ TrF 



and 



{x,y}^-i[X,Y]. 
Performing this regularisation, the action |1.28| becomes 



SiKKT = -« ( ^Tr [X^, [X^, + h^TiljV^ [X^ V^] ) + /3X 



The string partition function 



D[x\D[ij]eM-SGs) 



then becomes the matrix integral 



/D 16 
(jexp( Sjxkt) 



;i.31) 



:i.32) 



:i.33) 



:i.34) 



which after scaling out a becomes the Yang-Mills matrix partition function Zio,su{n) 
of equation 1.23 , with an additional factor e~^^ . 
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In their original proposal, IKKT interpreted the integral over the world sheet metric 
J D[g] as a requirement to sum over A^: 

ZlKKT ~ ^ 2^10,5i7{Ar)e~^^. (1.35) 
N 

However, in general, the matrix regularisation procedure outlined above is valid in the 
limit N —>■ oo, and the partition function is often taken as the large limit 



ZiKKT ~ lim ZiQ^su{N) (1.36) 

which would correspond to a more literal application of the Goldstone Hoppe regular- 
isation. The large limit is not yet well understood, and it is not clear exactly how 
to interpret the model. Nevertheless, an argument relating Wilson loops in the matrix 
model to string field theory in light-cone gauge provides additional evidence for the 
importance of the IKKT model |18| j. 



In principle, one could use the IKKT model to calculate any quantity in string 
theory, given enough computer time. In practice though, only small calculations 
are accessible numerically because of difficulty in generating the Pfaffian. Although it 
is the D = 10 theory which is relevant for the IKKT model, it is also possible to study 
the models m D = A and D = Q. For D = A the Pfaffian is real and non- negative 



(see |T9|), and this has allowed Monte Carlo studies up to A^ = 48 |T|, |T9|, |0[ . For 
D = 6 and D = 10, the Pfaffian is complex in general and standard lattice methods 
for dealing with the fermions do not work. 

Since the exact IKKT model is difficult to study numerically, a low energy effective 
theory was derived in [21|, and this has been studied for large A^ in [^| by taking 



the absolute value of the Pfaffian. An alternative approach has been applied p3|,p^, 
in which configurations which are saddle points of the phase of the Pfaffian have 
been studied. In these calculations the authors find the intriguing result that the 
integrals are dominated by regions corresponding to a lower dimension than D = 10 
(it was suggested in |]2T]] that the dimension 4 might arise as the natural dimension 
of a branched polymer which describes the model). There is also a random surface 
approach to the IKKT model which has been studied in 



1.5 The Matrix Model of M-theory 

Shortly before the IKKT model for superstring theory was proposed, a related model 
was conjectured as a constructive definition of M-theory The model corresponds 
to the quantum mechanics that one obtains by dimensionally reducing the SU{N) 



1.5 The Matrix Model of M-theory 
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gauge theory |0| with D = 10 to one (time) dimension. The proposal is that by taking 
N ^ oo, this model gives M theory in a light cone coordinate system, and has become 
known as the BFSS conjecture (for a review, see [jl^)- After fixing the gauge = 0, 
one obtains the Hamiltonian 



H = Tt Qp^P^ - i [X\Xq [X\Xq - l^P [X\ij]^ (1.37) 

where the indices i,j run from 1 to 9, and the P* are the canonical momenta for the 
X\ Physical states must also satisfy the gauge constraint 

C^\phys)=0, a = 1, ■ ■ ■ , dim[su(N)] (1.38) 

where 

C" = r^^(X,^i^^-^^>:). (1.39) 

An important issue in this model is the question of whether there exists a unique 
normalisable vacuum state. This issue can also be discussed in the D = 4 and D = 6 



models, and with general gauge group. It is known from early work on supersym- 
metric Yang-Mills quantum mechanics that the models have continuous spectrum of 
H arbitrarily close to zero, but the question of an exact vacuum state has remained 
unresolved. An approach that has been used is to consider the Witten Index^ which 
is defined 

Iw = lim Tr(-l)^e-^^ = - 4 (1-40) 

where the trace is over all physical states, and F is the fermion number operator. 
Taking the limit of large f3 projects onto the zero energy states so that the index gives 
the number of bosonic vacuum states minus number of fermionic vacuum states. If it 
is true that there is a unique bosonic vacuum state, then the Witten index must be 1. 

In a theory with supersymmetry, equal positive energy bosons and fermions come 
in pairs and so we expect 

I{(3) = Tr(-l)^e-^^ (1.41) 

to be independent of (3. If H has a discrete spectrum, one can prove this very easily, 
however the proof fails if H has a continuous spectrum since one would be trying to 
cancel infinite quantities inside the trace. The approach of 0] and is to rewrite the 
index as 

Iw = /(O) + I"" (1.42) 

where P^ is the deficit term P* = /(oo) — /(O), and /(O) is known as the principle or 
''For an alternative approach, see p9[. 
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bulk term. In a supersymmetric theory with discrete spectrum I"^ = 0, but we cannot 

is 



assume this in the Yang-Mills model. In order to calculate /(O), the expression |1.41 
rewritten as a path integral on the interval [0, jS] by introducing a projection operator 
onto the gauge invariant states. When the limit /? — is taken, the path integral 
becomes an ordinary integral 

/(O) = -^Zd,g (1.43) 

where Zd,g is precisely the supersymmetric matrix partition function of equation |1.23| 
(at least up to some inverse factors of 27r). The constant J-'g is a group dependent 
factor and has been calculated for SU{N) in and some other groups in \IU\. The 



field that is missing from the quantum mechanics has become reinstated by the 
gauge fixing procedure. Moreover, although the original quantum mechanics has a 



Minkowski metric, the matrix appears in |1.43| with precisely the Wick rotated 
signature that we have been discussing. 

The authors [|,|| calculated J(0) for SU{2) and gave an argument for calculating 
the deficit term, and reached the conclusion that Iw = 1 for -D = 10 and Iw = for 



Z) = 4, 6. Then in [30| the argument for calculating the deficit term was extended to 



all SU (N) for D = 10 suggesting 

^^^10 = - E (1-44) 



m\N,m>l 



and the arguments have subsequently be extended to other dimensions and groups ^1 . 

Thus, the onus appeared to be on calculating the principle part of the index which 
is given by the supersymmetric matrix integral |1.23| . Also in [0, Green and Gutperle 
made the conjecture based on D-instanton physics 

2l0,SU{N) = ^SU{N) 5Z ^^-^^^ 
m\N,m>0 

In [|], the constant Tsu(n) was calculated and the conjecture extended to D = 4, 6 



Zi^SU{N) — Zq,SU{N) — ^SU{N)J^- (1.46) 



These conjectures have been confirmed for small values of by the Monte Carlo 
evaluations of The values p..45|, p..4(j| also appeared in a very interesting calculation 



52| based on deforming a cohomological action. We shall discuss this in detail in 
chapter |[ 

However, the issue of the Witten index has not yet been fully resolved. To begin 
with, there does not yet exist a proof of the values of the bulk part of the index. Also 
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for at least one exceptional group, inconsistencies between the known bulk contribution 



and conjectured deficit contribution have been pointed out in 



1.6 Additional Motivation 



The two models of sections |LJ and |1.5| give motivation enough for studying Yang- 
Mills matrix theories. In addition, the D = 10 supersymmetric SU{N) model can be 
thought of as a low energy effective theory for i^-instantons (D_i-branes) ||3^. Perhaps 
rather than as a physical theory, the Z)-instanton partition function should be regarded 
as a quantity which is likely to appear in many stringy calculations. Indeed it was 
such a calculation that allowed Green and Gutperle to predict its value (see section 



1.7 Thesis Plan 



In chapter ^ of this thesis we shall consider the question of convergence of the partition 
function |1.23| and correlation functions |1.27| . We find convergence conditions for the 
bosonic and supersymmetric models with any compact semi-simple gauge group. This 
is work originally published in and builds on a previous paper . 

In chapter |^ we shall consider the supersymmetric theories both in their original 
formulation, and as cohomological models. Concentrating on the SU{N) models at 
large A^, we completely classify the quantities which are invariant under the super- 
symmetry. This is work originally published in |37]. 

In chapter ^ we consider how to apply the deformation method of [32| directly to 
the supersymmetric Yang-Mills matrix models. The aim is to use the supersymmetry 
to obtain a rigorous exact calculation of the partition function. We find a deformation 
of the action that can generate mass terms for all the fields and still preserve some 
supersymmetry. This allows us to integrate over a BRST quartet rigorously, and 

We show why this method fails so 



confirm the formula that was obtained in 32 



that an alternative regularisation must be found. However, a proof that the contour 
prescription of Moore, Nekrasov and Shatashvili is the correct regularisation remains 
elusive. 



Chapter 2 



Convergence 



In this chapter, we estabhsh the convergence properties of Yang-Mills matrix models. 
We consider the partition function and simple correlation functions in theories with 
compact semi-simple gauge group. In the supersymmetric case, we show that the 
partition function converges when D = 4,Q and 10, and that correlation functions of 
degree k < kc = 2{D — 3) are convergent independently of the group. In the bosonic 
case, we show that the partition function converges when D > Dc, and that correlation 
functions of degree k < kc are convergent, and calculate Dc and kc for each group. 
The special case of SU {N) establishes the convergence of the partition function and a 
set of correlation functions in the IKKT model of IIB strings. 



2.1 Convergent Bosonic Integrals 

We consider first the integral p..23| without fermions so that A/" = and there is no 



Pfaffian. The factor ^ in the original action can be scaled out in a trivial manner, so 
we drop it here, giving 



■'D,G 



(2.1) 



Since the action is built out of commutators, there are flat directions in which the 
magnitude of the can be taken to oo while keeping the integrand constant. It is 
these regions which may lead to a divergence. Therefore it is useful to define a radial 
variable R giving the magnitude of the X^. Let 

Xf, = RXf,, TrXf^Xf, = 1 (2.2) 



2.1 Convergent Bosonic Integrals 
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where from now on we use the summation convention for repeated indices. Noting 
that 

TTXf,Xf, = ^\{Xf,)^jf (2.3) 

we see that the he on a compact manifold. To rewrite the integral over the in 
terms of R and x^, we insert unity 

POO 

1= / dR2R5{R^ -TiX^X^) (2.4) 
Jq 

and scale out R^ from the (5-function. Then 



Zn,G = 2 / dRR''^-^Xo,G{R) 
Jo 



(2.5) 



with 



and 



D 



Xd,g{R) = [fldx,6il~ Trx^x^) exp {-R^S) (2.6) 



S Tr [x^, Xjy^ [^/i; '^u\ 

I 2 

= J2 • (2-7) 



We note that for any R the integral A'£i_g(-R) is bounded by a constant. If for large R 

\Xd,g{R)\ < with u>Dg, (2.8) 

then the partition function 2^d,g is finite. Our tactic for proving convergence of 2^_d,g 



is to find a bound of the form p.8|on A"/) (^(i?). A sufficient condition for the correlation 



function 1.27 to converge is obtained by modifying |2.^ to require v > Dg + k. 



From now on, we are only interested in large R, so we shall always assume R> 1. 



Let us split the integration region in 2.6 into two 



n^: S< (i?-(2-'7))2 

7^2 : S> (i?-(2-r,))2 ^2.9) 

where rj is small but positive. We see immediately that the contribution to 2d,g{R) 
from 7^.2 is bounded by Ai exp(— i?^'') (we will use the capital letters A, B and C to 
denote constants throughout this chapter) and thus automatically satisfies pTSj Thus 
we can confine our efforts to the contribution from TZi. In this region, we replace the 
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exponential function by unity and get the total bound 

\Xd,g{R)\ < A^exp{-R^^)+In,G{R) (2.10) 



where 

D 



1d,g{R) = [ fldx,5{l- Tix^x^). (2.11) 

u=l 

From now on, we shall work with X/) g'(-R), and seek a bound of the form 

_ , , const. 

Id,g{R) < (2.12) 
Then a sufficient condition for the partition function Z^ g to converge is 

u> Dg (2.13) 



and for the correlation function |1.27| to converge, 

u>Dg + k. (2.14) 



The condition in |2.2| means that at least one of the matrices (say xi) must satisfy 

Trxixi > D-\ (2.15) 
It is convenient to express the Lie algebra using the Cartan-Weyl basis 

{H\E''} (2.16) 
where i runs from 1 to the rank / and a denotes a root. In this basis 

[H\ W] = , [H\ E"] = a'E'^ (2.17) 

and 



= NafsE'^+f^ if a + /3 is a root 

= 2\a\~^a-H ii a = -(3 (2.18) 

= otherwise. 

Here = (-E'")^ and the normalisation is chosen such that 

TtWH^ = 6'^ , TrE"E^ = 2|ar^ 5"+^. (2.19) 
Since the integrand and measure are gauge invariant, we can always use a group 
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element to move xi into the Cartan subalgebra 

xi = x'H' (2.20) 
and reduce the integral over xi to an integral over its Cartan modes ||10| 



const. (jJrfsM -0)2. (2.21) 



a=l \j=l / a>0 

Here 



AUx) = ll{x-ar (2.22) 

a>0 

is the Weyl measure^]. We expand the remaining Xi, 

x^ = xiH' + x'^E'' z/ = 2, ■ ■ ■ , D (2.23) 

with = (x" 



Looking back to equation |2.7| , we certainly have 



-Ti[xi,x,f = |Tr[a;i,a;,]'| <S (2.24) 

and so, in the region TZi 

-Tr[xi,x,]' < i?-'^'-'') (2.25) 



for u = 2, ■ ■ ■ , D. Writing this in terms of the basis |2.16| gives 



^^(x^ ^2.26) 

This is the key result because, whenever {x ■ a)^ is bigger than a constant, it gives us 
a bound on and so allows us to bound the integral. 

As yet , we have not specified our choice of ordering giving the concept of positivity 
for roots. Since there are a finite number of roots, there is only a finite number of 
possible choices. In fact, for any x, there is always a choice such that x-a > whenever 
a is a positive root. To see this, temporarily fix x and change basis in the Cartan 
subalgebra so that x = (1, 0, ■ ■ ■ , 0). Now follow the usual construction, and define a 



^The statement 2.21 due to Weyl is of course non-trivial. It comes from the fact that any X in the 
Lie algebra can be written X = UCU^ where C is in the Cartan subalgebra and J7 is a group element. 
The integration measure becomes dX ~ dUdCJ{C) where the Jacobian J is the Weyl measure. Then 
since the integrand is gauge invariant, the U integration just gives a constant - loosely the volume 
of the group. In the particular case of SU{N) the result is well known and the Weyl measure is the 
square of the Vandermonde. I am grateful to Dr M. Staudacher for explaining these results. 
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to be positive if it's first non-zero element is positive. Then, in particular, there is a 
set of / simple roots {sj} which are positive, and such that any positive root can be 
be written a = aiSi with the {ai} non-negative integers. Finally move back to the 
original basis. The property x ■ a > when a > is preserved. 

We can now split the integration region into a finite number of sub-regions; one for 
each choice of the positive roots. On each subregion, we have the condition x ■ Si > 
for X. 

The {si} form a basis for the /-dimensional vectors. We can define a number c by 

c = min max la ■ sA (2.27) 



which must be positive. Then the condition p.l5| tells us that at least one of the simple 
roots, Si say, satisfies x ■ Si > cD"^. In addition, any positive root a which contains 
the simple root Si must satisfy the same relation so that 

|x ■ a| > cD^"^ whenever a contains si. (2.28) 

Let us now split up the Lie algebra Q as follows. Define Q' to be the regularly 
embedded^ subalgebra of Q obtained by omitting the simple root si. Then Q' has 
rank one less than Q and so there is one Cartan generator J outside Q'. We can 
always choose J to commute with Q'. To see this, note that S2, ■ ■ ■ ,si span an Z — 1 
dimensional subspace of the / dimensional root space, so we can choose a basis in 
which they all have first component zero. In this basis, choose J = H^. Then |2.17 



shows [J, ] = when G Q' so that [J, Q'\ =0. Let us rename the remaining 
generators of Q as {-F^} where /5 is any root which contains s\. We can summarise 
some of the commutation relations as follows: 



(2.29) 



The first relation of |2.29| is given by the construction of J. The other three relations 
follow immediately from p^.l7| and 












c 






c 






c 


Q' 



Expanding 



X 



,-y, + P,J + uf^FP^ (2.30) 



subalgebra is "regularly embedded" if it is obtained by knocking out some simple roots from 
the original algebra. 



2.1 Convergent Bosonic Integrals 



17 



with G Q', the conditions |2.26| and \i.'2S\ give us a bound on the tu^. 



\u;^,\< 



(2.31) 



There are a number of possible choices for Q' depending on which simple root has 



been removed. The correct choice depends first of all on which of the satisfies |2.15 
(and so is relabeled xi). And then, given xi, on which of the simple roots satisfies the 
condition in |2.28| (and so is relabeled si). Thus, we have split the integration region 
up into a finite number of subregions according to the correct choice of Q'. We shall 
use ^.31| to bound the integral |2.11| in each of these regions. The region giving the 



least inverse power of R will then give a bound on T^ g- 

Let us expand the action in terms of the variables |2.3(J|. Using the commutation 



relations 2.29| and inner products p. 19 we see that the terms linear in u vanish giving 



Sg{x^ 



Sgiy,) + 2TT[y„ yj\ [F^ F^]^^, + Tr {u%,, F^] - o^^y., F^] 
^{p,ul - p.^^)[J, F^\ + ul^l\F^ F^\)\ (2.32) 



Here we have added suffices to the actions to emphasise that Sg{x^) is the original 
G-invariant action whilst Sgi{y^) is the G"-invariant action. Since the y^ and are 
bounded by a constant, this can be written 



Sg{x) = Sg,{y)+0{uJ^). 



(2.33) 



Then the bound |2.31| on u shows that (up to a trivial scaling constant) 



X e 7^l(G') ^ye lZi{G'). 



(2.34) 



We shall now take the expression |2.11| for I£) g{R), restrict the integration region to 
that where the appropriate subalgebra is Q', and use the preceding results to form 
a bound and integrate out the variables p and u. First, using |2.21| to reduce the xi 
integral to Cartan modes x gives 



D 



'^d,g{R) = const. / dxAQ{x) TT dx,y 6{1 — Trx 



(2.35) 



u=2 



Next note that the Weyl measure ( p.22| ) for Q can be bounded by that for Q' 



A^(x) < const. A^,(y). 



(2.36) 



This is because when a does not contain si, a ■ x = a ■ y. Thus A^(x) is equal to 
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AQ,{y) up to some additional factors which are bounded by a constant. At this stage, 



we can also use the inner product relations p.l9| to decompose 



(2.37) 



It is convenient to rescale the u variables to get rid of the 2/|/3|^ constants, and to use 
polar coordinates for both the p^ and u'^ variables so that 



Ttx^x^ = Tr?/^?/^ + p'^ + u'^. 



(2.38) 



In polars, the measures become 



D 



and 



Y\ dp^ = dVtpdpp^ ^ 



JJ dul = const. dn^dujJ^-^'^'^'-''-^^-^ 

fi=2. ■■■.£) 
l3:E'0^g' 



(2.39) 



(2.40) 



Counting the number of cu^ to get the exponent in |2.40| is crucial to eventually get 
the correct bound. There is an uj^ for each p = 2, ■ ■ ■ , D (but not p = 1 since xi was 
moved into the Cartan subalgebra), and each of the F^. The are the generators 
of Q which are neither J, nor in Q', so there are g — g' — 1 of them. Then the total 
number of variables u;^ is {D — l){g — g' — 1). 

Thus, inserting 2.38 into |2.35| , and using the bounds 2.31 , 2.34 and 2.36 gives 



D 



Id,g{R) < Bo I dyAl{y)Y\dy, / dw 



(2.41) 



(D~l){9-g'-l)-l 



[\pp^-'6{l-TTy,y,-p'-u;'). 
Jo 



where Bq and Aq are constants, and we have integrated out the angular variables Qp 
and Q^. 

Considering the inner integral first, we can integrate p out immediately to obtain 



-{l-Tiypy^-u^) 



9{l-TTy^y^-uj^). (2.42) 
The original Yang-Mills integral [L.23| only makes sense when D > 2, and in this case. 
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we can bound the leading factor by a constant. In addition, we have the bound 

6(1 - Tiy^y, - uj^) < e{l - Tiy^y^) (2.43) 



Bo / dyAliy) TT dy, / dujco^''-'^^^-<^'~'^~' 9{1 - Tiy.y,). (2.44) 

JvueniiG') „_n Jo 



so that |2.41| can be bounded by 

Finally integrating out uj gives 

lD,GiR) < 5ii?-(2-'')(^^^)(^-5'-i)j-B,G'(^) (2.45) 

where 

Td,g'{R) = T\dy,e{l- Try^y^). (2.46) 

Here, since the integrand is gauge invariant, we have absorbed the G' Weyl measure and 
restored the integral to G' gauge invariant form. Using the identity 6(1 — Tiy^y^) = 
dt6{t — Tiy^y^j), and then rescaling t = \u/ R\'^~'^ and = y^[u/ B]^^"^/"^ gives 

jr^_c,(i?) = (2-r/)i?-(^-''/')^^' / dMM(^-''/2W-%,G'(w)- (2.47) 
We shall proceed by induction. Our aim is to show that 

/•oo 

/ dBB^^-^XD,G{R) < const. (2.48) 
Jo 



If this is true for G', then the integral in 2.47 is bounded by a constant and so 



J^D,G'{R) < B^R-^^-"'^^'''' (2.49) 

so that by p. 45 



1d,g{R) < 53i?-(i-''/2)[2(^-i)(^-^'-^)+^^'l (2.50) 



when R> 1 (recall that all of our bounds apply only to i? > 1). The integral p.48| is 
certainly convergent in the region < i? < 1 since ^ is always finite. For i? > 1, 
we can substitute the bound |2.50| into p.48| and decide whether p.48| also converges for 



G. 

Our task then is to find the regularly embedded subalgebras Q' of Q and choose 
the one which leads to the least inverse power of R in |2.50| . Fortunately, the regularly 
embedded subalgebras can easily be found using the Dynkin diagram. The Dynkin 
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diagram for a Lie algebra has a node for each simple root. The nodes are connected by 
3, 2, 1 or lines respectively as the angle between the corresponding roots is 150, 135, 
120 or 90 degrees. In addition to these restrictions on angles, the simple roots of a 
compact simple Lie algebra can come in at most two different lengths. The notation in 
this thesis is that nodes corresponding to shorter roots are coloured black. Knowledge 
of the Dynkin diagram is enough to reconstruct the entire Lie algebra. Thus we can 
find the regularly embedded subalgebras Q' by removing one node from the Dynkin 
diagram. For an excellent review of Lie algebra methods including tables of the Dynkin 



diagrams and dimensions that we shall use in the following, see ||3^ . 

Before proceeding to consider each group in turn, we make a final observation. If 
the regularly embedded subalgebra Q' is a direct sum of two (mutually commuting) 
subalgebras G' = Q'2 then we have 

J'd,g'{R) < TD,G',{R)rD,G',{R) (2.51) 



since 0{l - TicVf^yf,) < 9(1 - Trc^y^y^) 9{1 - Tic'^y^y^). The result g]5g is unaf- 
fected, but this will help us to deal with the few G' which have divergent Yang-Mills 
integrals so that 2.49| and 2.50 are not true. 



We shall now consider each group in turn. We only consider dimensions D > 3 
since, as we will see in section p.2| , the partition function is always divergent when 
D = 2. The case of SU{r + 1) is most tricky because SU{2) and 5'f/(3) are rather 
special having divergent partition function for some low values of D. We work through 
the SU{r + 1) groups in detail to show the method. For the other groups, one can 
easily follow the same method, and so we give less detail. 

SU(r-|-l): The Dynkin diagram for su{r + 1) is 

O O O • • • O O (2.52) 

where there are r nodes. To find the regularly embedded subalgebras Q' we 
remove one of the nodes, and discover 

su{r + 1) ^ Q' = su{m) © su{r + 1 — m), 1 < m < r (2.53) 

where we define su{l) = 0. The dimension of su{m) is — 1, so that 

^ = (r + 1)2 - 1 , g' = m'^ + (^r + l-mf -2. (2.54) 



The Lie algebra su{2) has no regularly embedded subalgebra, so g' = 0. The 
arguments leading to |2.50| are all still valid (the only difference is that in this 
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case there are no variables corresponding to Q' so we know explicitly that the 



J^D,g' appearing in p.45| is just a constant). Then setting g = 3 and ^f' = in 
gives 

TD,sui2) < BsR-^'-^/'^'^''-'\ R>1. (2.55) 



2.50 



Referring back to p.48| , we see that we need 



3D < (1 -V2)4(D - 1) 



(2.56) 



which can be re-written 



D > 4: + 2ri{D - 1] 



(2.57) 



for convergence. Of course, this also corresponds to the original condition |2.13 
for the partition function to converge, so by choosing rj sufficiently small, ^d, 5(7(2) 
is finite for D > 5. 

In the cases D = 3 and D = 4, we have failed to show that the desired induction 



statement 2.48 is true. However, we can substitute 2.55 back into 2.47 to obtain 



a bound on J-'D,su{i) even when D < 5: 



(2.58) 



In dimensions 3 and 4, the result is at variance with |2.49| . However, since logi? 
tends to oo more slowly than any positive power of i?, modification by a logR 
factor will not affect any of our conclusions. (We can modify |2.12| to add a log R 
factor and still leave the conditions |2.13| and |2.14| unchanged.) Thus it is only 
for D = 3 that we must be careful to use the modified formula. 

The Lie algebra su{3) has su{2) as its only regularly embedded subalgebra. Then 
substituting |2.58| into p.45| gives the bound 



TD,smz) < B^R-^^-^'^^^^^''-''^R^^-^'^^'°'^i\ogRY^'' 



(2.59) 



and we discover Z£, su{z) converges for D > 4. In this case, the formula p.49| for 
J-'d,su{3) is modified only in the case D = 3, and only by a factor of logR which 
will not affect our results, and we may proceed as if the induction statement |2.48 
were true. 

For SU{r + 1) with r > 3, it is a simple exercise to discover which of the possible 
Q' gives the least inverse power of R behaviour in 2.50 . We substitute the g and g' 
of |2.54| into |2.50|, and choose the value of m which gives the dominant behaviour. 
The only point to remember is that we must include an extra R^~^^'^ factor in 
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the case of Q' = su{2) © su{r — 1) when D = 3, to allow for the anomalous 
behaviour of J^3,sc/(2)- 

We discover that the dominant behaviour is always obtained when Q' = su{r), 
giving g' = — 1. Then 2.50 becomes 



X, 



D,SUir+l) 



< 5 i^-(l-'?/2)[^{^'+4r-l)-4r] ^ > 3_ 



(2.60) 



Taking r] small, the condition |2.13| is met and so the partition function 2^D,5c/{r+i) 
is convergent for D > 3 when r > 3 (and of course, crucially, the induction 
statement 2.48 is true). 

Finally, comparing the bounds ( |2.55| , p.59| and |2.6CI| ) on Id,g with the condition 
|2.14| , we see that the correlation function |1.27| converges when k < kc with 



fee = 2rD - D-Ar- 6D,3Sr,2, r>l,D>3. 



(2.61) 



In this formula, the cases with kr < are those for which the method fails to 



prove convergence even of the partition function. In section p.2| we shall show 
that these cases are indeed divergent. 

SO(2r+l), r > 2: The Dynkin diagram for so(2r + 1) is 



o — o ••• o — o 



(2.62) 



where there are r nodes, and the dimension is g = 2r^ + r. By removing one 
node, we see that the possible Q' are so(2m+ 1) © su{r — m) with < m < r — 1. 
We discover the most important contribution is always from Q' = so{2r — 1), 
and that ZD,so{2r+i) always converges for r > 2 and D >3. The critical degree 
kc for correlation functions is 



kc 

kr 



4rD - 8r - 3D + 4 



r = 2,D = 3 
otherwise. 



(2.63) 



The exception when r = 2 and D = 3 occurs because of the anomalous behaviour 

of ^3,SU{2)- 

Sp(2r), r > 2: The Dynkin diagram for sp{2r) is 



(2.64) 



where there are r nodes, and the dimension is g = 2r^ + r. The possible Q' are 
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sp{2m) © su{r — m) with < m < r — 1, and the dominant contribution is from 
sp(2r — 2). The partition function 2^D,5p(2r-) converges for all r > 2 and D 
and the critical correlation function is given by 



kc = ArD - Sr - 3D + A 



r = 2,D = 3 
otherwise. 



(2.65) 



SO(2r), r > 4: The Dynkin diagram for so(2r) is 



o 



o — o ••• o — 6 



-o 



(2.66) 



where there are r nodes, and the dimension is g = 2r^ — r. The possible Q' are 
so(2m) Q) su{r — m) for 4 < m < r — 1, s-u(4) ©SM(r — 3), s-u(r — 2) ©s-u(2) ©s-u(2) 
and su{r). The dominant contribution always comes from so{2r — 2), and we 
discover that Zo,so{2r) always converges for D > 3 and r > 4. The critical 
correlation function is given by 



kc = ArD -5D-8r + 8. 



(2.67) 



G2: The Dynkin diagram is 



(2.68) 



and the dimension is 14. The only regularly embedded subalgebra is su{2), and 
we discover Z^ q^ converges ior D >3 with 



A;e = 9L> - 20 - 80,^. 



(2.69) 



F4: The Dynkin diagram is 



o — o 



(2.70) 



and the dimension (7 = 52. The dominant contributions come equally from 
Q' — so{7) and Q' — sp{6), each having g' — 21. Then Z^^p^ converges for L> > 3 
and 

kc = 29D - 60. (2.71) 
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Ee: The Dynkin diagram is 



o 



o — o — 6 — o 



-o 



(2.72) 



and the dimension g = 78. The dominant contribution comes from Q' — so(lO) 
having g' — 45. Then 2d,e6 converges for D > 3 and 



kc = 31D - 64. 



(2.73) 



E7: The Dynkin diagram is 



o 



o — o — 6 — o — o — o 



(2.74) 



and the dimension g = 133. The dominant contribution comes from Q' = eg 
with g' = 78. Then Z^^Er converges for L> > 3 and 



kc = 53D - 108. 



(2.75) 



Eg: The Dynkin diagram is 



o 



o — o — 6 — o — o — o — o 



(2.76) 



with dimension g — 248. The dominant contribution comes from Q' — e-j with 
g' — 133. Then Zd,Es converges for D > 3 and 



kr = 113L> - 228. 



(2.77) 



2.2 Divergent Bosonic Integrals 

The lowest D partition function that we can sensibly write down is for D = 2, 

Z2,G = j dXidX2 exp (Tr [X^, . (2.78) 
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We can use the gauge symmetry (by invoking |2.21| ) to reduce the Xi integral to Cartan 



modes, but then the integrand is independent of the Cartan modes of X2. Thus, it is 
immediate that this integral diverges for every group. From now on in this section, we 
assume D > 3. 

In the previous section ^ we found an upper bound on Ij:, g{R)- This equivalently 
gave us an upper bound on ^/^ ^(i?) (originally defined in equations ^]5| and [2^ ). 
We used the large R behaviour to show that many of the partition and correlation 
functions are finite. 

We shall now find a lower bound on X£,^g{R)- We shall discover that the large R 
behaviour of this lower bound is almost identical to that of the upper bound. The 
only difference is that the (arbitrarily small) parameter 77 of the previous section is set 
to zero. 

Since the integrand is positive, it is sufficient to consider a sub-region of the phase 
space in order to find a lower bound. This time, we consider the region 

TZ : S <R-^ (2.79) 

Then exp(— i^^S") > exp(— 1) and so 

A:d,g{R) > CiId,g (2.80) 

where now 

D 

^D,G= / Y\dx, 5(1 -Tlx ^,x^) (2.81) 
and, moving xi into the Cartan subalgebra, 

„ I D 

Id,g{R) =C2 H dx\Al{x\) H dx, 6 (1 - Tix^x,,). (2.82) 

i=l u=2 

Now pick a regularly embedded sub-algebra Q' of Q (with rank 1 less than Q). As 
before, write x = y + pJ + uj^F^ with y G Q' . We will again write si for the simple 
root of Q which is removed in order to obtain Q' . As usual, we use a basis in which si 
is the only simple root which has its first element non-zero (indeed, we have already 
chosen this basis, since we have set = J with [J, Q'] = 0). 
Define a new region TZ'^ by 

n': \\uj\\<eR-^ 

" " , 2.83 

SG'{y,)<eR-\ 
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Then by taking e small enough, we see from |2.33 

R'^cn (2.84) 

so that 

„ I D 

Id,g{R) > C2 / n ^^i^g(4) n ^ (1 - T^m^m)- (2.85) 

As in the previous section, it is convenient to rescale the uj^ and write them in polar 
form (as per equation |2.37] ). However, we leave the as they are for the moment. 
Then the integral becomes 

/-I D D 



•^T^'t i=l u=2 (1=1 

duJ''-'^^^-'^'^'^-' (5(1 - Try.y^ - iu' - p,p^) (2.86) 



where now the i index runs from 1 to / — 1, and v runs from 2 to -D. 

Choosing to integrate over just two of the p^, say po-i and pz), leads to 

/D-2 
dpD-idpDS{l - Tiyf^y^ ~ - p^p^) = C4 e{l - Try^y^ - - ^ p^p^) (2.87) 

as can quickly be seen by writing po-i and p_D in 2-dimensional polars. Now, when 
R> 1, certainly uj"^ < by |2.83| . In addition, we can restrict the region of integration 



of each of the remaining p^ to — e < p^ < e since we are looking for a lower bound on 
the integral. Then we have the inequality 

D-2 

6(1 - Try.y, -uj^-J2 P^^P^^^ > ^(1 " Try,,?/^ - - {D - 2)e'). (2.88) 

The integrand is now independent of p2, • ■ ■ , Pd-2, so we can immediately integrate 
them out to obtain the constant (2e)^~^. The 6'-function is also now independent of 
tu, so we have the factor 

= C5i?-2(^-i)(5-^''-i) (2.89) 
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Finally, we can scale each of the and also pi by a factor ~ (D — l)e^ to obtain 



l-l D 



Jn{G') 

(2.90) 

Here, the integration region TZ'^ now applies only to the Q' variables y^. Since R can be 
trivially scaled by a constant, we have also dropped the subscript e so that the region 
has become simply TZ{G') in \2.90[ 



Lets use the definition |2.22| to decompose the Weyl measure for G into the part for 
G' and additional factors: 

AUyl,Pi) = Ahiyl) n (2-91) 

a>0, si£a 

where (pi, yl) represents the vector in /-dimensional root space, and the product is over 
all those positive roots which contain the simple root Si. Since Si is the only simple 
root to have its first element non-zero, every factor in the product of |2.91| contains a 
Pi- Thus, the integral that we are left with over pi is 

f dp, H [a-(pi,yi)]2 (2.92) 

and can be re-written in a rather more transparent way as 

Cr [ dp, Yl (pi + z^)^ (2.93) 

where the Zq, cirG linear combinations = a^yl/aQ. 

No matter what values the Za take, the integral 2.93 is always positive. The yl and 



therefore the Za lie within a compact set and so we have the bound 

/ dpi II (pi + z^y > min [ dpi II (pi + z^y = Cg > 0. (2.94) 



a>0,si£a a>0, siGa 



Substituting back into |2.90| gives 

D 



Id,g{R) > C9i?-'(^-^)(^-^'-^) / n dy, 0{1 - Try.y,) 



(2.95) 



where since the integrand is now G' gauge invariant we have absorbed the G' Weyl 
measure and restored the integral to full G'-gauge invariant form. 
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We now follow the method of the previous section (equations |2.46|, p^.47D and set 



D 

:Fd,g'{R) = T\dy,e{l- Tiy.y,). 



(2.96) 



Using the identity ^^(1 — Try^y^) = dt5{t — Tiy^y^), and then rescaling t = [u/ R\" 
and y^ = y^,[u/R] gives 



Jo 



u . 



(2.97) 



Then 2.95 becomes 



In,G{R) > C.oR-'^''-'^^'-''-'^-'''' r duu''^'-^Io,G'\ 

Jo 



u 



(2.98) 



Comparing with |2.45| and |2.47| of the previous section, we see that we have proved 
essentially a converse result. In those majority of cases for which the partition function 
for G' is finite, it is sufficient to use the bound 



/ duu^'^'~^lD,G'{u) > const. , R> 1 
Jo 



(2.99) 



givmg 



Id,g{R) > (2.100) 
In those cases for which the partition function for G' is not finite, we can find a 



better bound for G by inductively substituting the bound found for G' into |2.98| and 
performing the integral. For example, as we discovered in the previous section, the 
crucial exceptional case is when G' = SU{2). Since su{2) has no regularly embedded 
subalgebra, the bound p.lOQ holds as it is, with g = ?> and g' = 



D,SU{2) 



>GnR~^^''-'\ R>1. 



(2.101) 



Then 



D,SU{2){u) > Gi2 D>5 

> GnhgR D = A 

> GuR D = 3 



(2.102) 



so that, using |2.98| , we obtain a better bound for SU{3) 



Td,SU{3) > Ci5i?-«(^-^)-^^(l0gi?)^^'*/?^^'^ 



(2.103) 
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For those simple groups other than SU{3), the bound p^.lOO| is enough for our 
purpose. The final step is that we have to choose the regularly embedded subalgebra 
Q' of Q which gives the tightest lower bound. However, we have already performed 
this task in the previous section since we chose Q' to give the least inverse power of R 
behaviour. 

Lets summarise. In the previous section, we found upper bounds on X£) g{R) 
which allowed us to deduce that certain partition functions and correlation functions 
are finite. These upper bounds depend on a parameter 77 which can be taken arbitrarily 
small. In this section, we have found lower bounds on Xd^g{R)- The large R behaviour 
for these lower bounds is precisely the limit when — > of that for the upper bounds. 

Thus, using Xd,g > C2Id,g ( P-80| ), we can substitute the lower bounds back into 
the definition P]B and discover that indeed the partition function is divergent for SU (2) 
when D = 3,4, and for SU (3) when D = 3. Further, lets consider the correlation 
function 

/■oo 

{iTrX^X^)'/^)= / dRR'''^-^''~'Xn,GiR). (2-104) 

Then this integral diverges when k > k^. with the values of k^ quoted in the previous 
section. So, kc is indeed the critical value for correlation functions. Every correlation 
function with k < kc converges, and there is always a correlation function with k = kc 
which diverges. 



2.3 Convergent Supersymmetric Integrals 

We now move on to consider the supersymmetric integrals (|1.23| ) which we recall can 
be written down in dimensions D = 3,4,6 and 10 with A/" = 2{D — 2). Proceed as for 
the bosonic integrals to set 

POO 

Zd,g= / dRR'''-'R^''-^^'XD,GiR) (2.105) 
Jo 

where now 

D 

XD,GiR) = Yldx, Vd,gM S (1 - Ttx^x^) exp {-R^'S) . (2.106) 

As before, it is sufficient to consider the region 

7^l(^) : S<i?-2(2-^) (2.107) 
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We shall again argue by induction, and for the induction step to work, we will need 
to prove the result for the generalised Pfaffian 

[nd^,mZ-:X=R-^^-'^^'' j #exp(Trr^^^„[x^,V^^]X (2.108) 

The Pfaffian is modified from the usual definition by the inclusion of 2r fermionic 
insertions, and a factor of has been included for each insertion. The modified 

Pfaffian can be written down for any r = 0, . . . , (D — 2)g. If we set r = then the 
original Pfaffian Vd,g is recovered (and is of course independent of R). 

The structure of the P matrices will be irrelevant from now on (although we shall 
of course use the fact that their elements are bounded by a constant). For a more 
compact notation, we shall suppress the dependence on P, and on the spinor and 
group indices, and write 

p^_^(x,i?) =i?-(2-'?)2'-y" rf^exp(Tr^[x,^])^^---7/'2^ (2.109) 

Then defining 

D 

^dg{R)= / n^^-I^I'G(2^,^)|^(l-Tra;^a;^). (2.110) 

we have 

\x'i,^G{R)\ < A,eM-R^'')+iDdR) (2-111) 

Proceeding as in the bosonic case, we choose the relevant regularly embedded subal- 
gebra Q' , expand = + p^J + uj^F^, and note 



^\<c-^Dm-'-^-'^\ u = 2,---,D. (2.112) 



Further, write 

V^ = + e + X (2.113) 



with (j) E Q' 1 ^ = and x = X^F^ ■ Using the relations |2.29|, we find 



Trip [x, Tp] = Tr0 [y, 0] 

+Tr0 [u, x] + Trx [uj, 0] 
+Trx [uJ,^] + Tr^ [uj,x\ 
+Tix [x, x] 



(2.114) 



where p = pJ and u = uj^^F^ . Inserting this expression into the definition 2.108, and 
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expanding part of the exponential gives 



d(f)dxd£. 



1 . . . Cfc . . . ^1 . . . ^r; 



RK'^-v) Rrn{2-r,) _Rn(2-r?) 

X exp(Tr0 [y, 0] + Tr0 [uj, x] + Trx [uJ, 0] + Tr^ [x, x]) 
^2{D -2) - k)\ ^^'^ f^' ^] + ^])'^''""''' (2.115) 

where k + m + n = 2r. We first perform the integrals over the A/" = 2{D — 2) Grassman 
variables each of which is paired either with an u, or with an explicit factor R~^'^~'^\ 
Since u is itself bounded by R~^'^~'^^ (PTTT^), we find 



T^-2(D-2)(2-r,) 



d(j)dx 



^1 . . . 0™ x"^ ■ ■ ■ ;>^"+2(-D-2)-fe 



Rm{2-ri) 



Rn{2-v) 



X exp (Tr0 [y, 0] + Tr0 [t^, x] + Trx [uJ, (p] + Tix [x, x]) 



(2.116) 



where P indicates all the possible permutations of indices that can be generated. The 
next step is to expand the (pux terms to get 



1\{2{D - 2) - k)\ 



exp (Tr0 [y, , 



X max 

X 



p 

01 . . . 0™+' 

Jl{m+l)(2-7j) 

/•^l . . . •^n+2{D-2)-k+l 

( ) (Trx [x, x]) 



(2.117) 



Finally, integrate out the x fermions and use the fact that x is bounded to obtain 



\PhAx,R)\ < 5^a'|n',G'(2/,^) 



(2.118) 



where the Cr' are constants. In the spirit of the notation ^.109] , we have suppressed 
sums over the many possible combinations of indices. 



Inserting the bound |2.118| into |2.11CI| gives 

D 



Tj^^R) < R-i^-n)^iD-2) J^Cr' [ n dx, PL', G'(Z/, R) H^- Trx^a;^) (2.119) 

and we can now follow the bosonic procedure and integrate out the u and p degrees 
of freedom to obtain 
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Tj^^ciR) < i?-(2-'?)2P-2)^-(2-r,)(D-l)(9--,'-l) 

D 

X VC,' / 11 dy, K,G'{y^R) e{l-i:iy,y,). (2.120) 
J7^l(G') 

As before, replace 6{\ — Tiy^/y^) = dt 5{t — y^y^) and rescale t = [w/i?]^^'' and 
y^, = y^[u/RY-''/^ giving 

T^dR) < i?-(2-^)2(D-2)^-(2-,)(D-i)(3-5'-i) 

X ^C,, r^[«//?](2-'y)[P-lV+3-72] 
J./ Jo ^ 
D 



Since u/R < 1, this can be reduced to 

We argue by induction, so assume that, for G' 



(2.121) 



(2.122) 



(2.123) 



converges for D > 3, and all choices of r. Then |2.122| gives 



(2.124) 



and in particular, by the usual power counting argument, the induction statement 
is true also for G. It remains to check that the induction statement is true for the 
smallest possible regularly embedded subalgebra, which is su{2). Since su{2) has no 
regularly embedded subalgebra, we can repeat the above arguments with Q' = and 
find 



-T-r 

-^D,SU(2) 



(R) < Ci?-(2-^)[2{£'-2)+2(D-l)] 



(2.125) 



so that |2.123| indeed converges for D > 3. 

Taking now r = 0, we have discovered that, for any compact semi-simple group G, 



:^DdR) < Ci?-(2-^)[2(D-2)+(D-l)(,-l)] 



(2.126) 



and in particular, the partition function 2^d,g converges for D > 3. For the correlation 
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function |1.27] to converge, we require 



Dg + {D-2)g + k< 2[2{D -2) + {D-l){g- 1)] 



(2.127) 



and so the critical value is 



kc = 2{D - 3) 



(2.128) 



independently of the gauge group. 

2.4 Discussion 
Bosonic Theory 

For the bosonic theories, we have shown that the partition function converges when 
D > Dc and calculated Dc for each of the compact simple groups: 



It is a simple exercise to extend the result to the compact semi-simple groups since 
they are built out of the simple groups. For example, so(4) = su{2)Q)su{2), so 2d,50(4) 
converges when D > Dc = 5. In addition, we have calculated the critical degree kc 
for correlation functions, such that (Cfc) converges when k < kc- Conversely, we have 
shown that there always exists a correlation function of degree kc which diverges. 

Restricting ourselves to D > 2, it seems rather mysterious that the only divergent 
partition functions occur for SU{2) with D = 3,4, and for SU{3) with D = 3. How- 
ever, there is an argument which quickly allows us to see why this is so. Begin with 
the bosonic integral ^^Tj and follow the usual procedure to move Xi into the Cartan 
subalgebra and pick up the Weyl measure ( p.21| ) 



Dc = 5, 
Dc = 4, 
Dc = 3, 



SU{2) 
SU{3) 

all other simple groups. 



(2.129) 




(2.130) 



We can expand the Xy in terms of the basis |2.16 



XIH' + X'^E 



V = 



2,---,D, 



(2.131) 



and then change variables from the X" to {D — l){g — 1) dimensional polar coordinates 
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with radial variable g and angular variables {6a}- Then 



Zn,G = A2j (jJJldXl^ AliXi) J dgg^^-'^^^-'^-'dnexp{-S), (2.132) 



and the action can be expanded 

s{x) = g'x;xiQ^^M) + Q'x;F;{e,) + g'FM (2.133) 

where Q, F and Fi are some functions of the angles 6a- The action is quadratic in the 
X^, so we can integrate them out and find 

Zd,g = As j dQFM expi-g'FM) (2.134) 

where F2 and F3 are some functions of the 6a, and certainly F2 is positive semi-definite. 
This integral diverges at g = when 

D < ^iillil. (2.135) 
g-2l 



Any group satisfying |2.135| must have a divergent partition function, and so this gives 



a quick and illuminating way of seeing that for SU{2) with = 3 and 4, and for 
SU{3) with D = 3, the partition functions are divergent. 

Supersymmetric Theory 

In the supersymmetric case, we have shown that the partition function converges in 
D = 4,6 and 10 with any compact semi-simple gauge group, and that correlation 
functions of degree 

k<h = 2{D-3) (2.136) 
are convergent independent of the gauge group. In the case of SU{r + 1), this result 



corresponds to the conjecture of based on Monte Carlo evaluation of the integrals 
for small r. 



Chapter 3 

The Supercharge 



We now turn our attention specifically to the supersymmetric Yang-Mills matrix mod- 
els, and address the question of which quantities are invariant under the supercharges. 
As we shall see, the supercharges take on a particularly simple form if we reformulate 
the theory as a cohomological matrix model. We shall give a brief introduction to 



these models in section 3.1, and then prove our result for these models in the following 



sections. Finally, in section |3^ , we show that the result can also be applied to the 
Yang-Mills matrix theories. 



3.1 Introduction to Cohomological Matrix Models 

A deep relation between the Yang-Mills matrix models and so called cohomological 
models was uncovered by Moore, Nekrasov and Shatashvili. In a remarkable paper |p2|| , 
they were able to predict the value of the Yang-Mills partition function by using the 
cohomological theory. We shall discuss this in detail in chapter ^ but, for now, give 
a brief introduction to the cohomological model. To illustrate, we shall consider the 
D = 4 model, although the techniques which follow can be applied immediately to the 
cases of six and ten dimensions by following |^ . The action^ is 



Sym = -Tr Q[X^, + Xa^'lX^, \]^ . (3.1) 

In this chapter we shall mainly be concerned with the gauge group G = SU {N) model 

so that all fields are NxN matrices. The gauge fields (/^ = 1? ■ ■ ■ ? 4) are restricted 

to the Lie algebra of G which is the set of traceless hermitian matrices. The fermions 

A, which are in the Weyl representation, are complex traceless Grassman matrices. We 

"'^Note that we have changed the notation from the previous chapters in order to agree with the 
hterature on this subject. We have used "A" for the fermions, since the Greek letter tp will shortly 
be introduced for a slightly different purpose. 
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follow |^D|] to give an explicit representation o"^ for the D = A Dirac matrices projected 
to a Weyl representation. Define cr* to be the Pauli matrices 



a^= = ^3 = (3.2) 






and = —i I2. Then the are defined by 



00 ^ ' 



and we define 

\ = -ia^X^ = -Xl (3.4) 
The partition function can be written 

Z4,iv = j dXdXdD exp Tr (^[X^„ X^f + \a^[X^, A] - 2^2^ (3.5) 

where an auxiliary field D with appropriate integration measure has been added. The 
auxiliary field allows us to write down the supersymmetry of this model in a nice linear 
form, 

S^X = ia^^^[X^,X'^] -2^D (3.6) 
S^D = i[X^A]a'^e + ie^'^[^^A] 

where a'^'^ = ^{a^a" — a'^a'^). This formula was obtained simply by taking the super- 
symmetry transformation laws for the four dimensional Yang- Mills theory (for example 
from [HH]) and dimensionally reducing to zero dimensions. 



It is important to note that the expression |3]^ is rather formal. If our original 
D = 4 space were Minkowski, then we would have = I2. However, since we are 
working with a Euclidean metric, in fact = —il2. This means that, whilst a* 
{i = 1, 2, 3) are hermitian, a'^ is antihermitian. Then 6^ does not preserve hermiticity 
of the matrix fields so that, for example, 6^X^ is antihermitian rather than hermitian. 
Nevertheless, the transformation |3.6| is formally a symmetry of the action, and we shall 
make rigorous use of this in chapter H. 



The approach of is to make the following field replacements. First rewrite the 
fermions in terms of their hermitian and antihermitian parts 



Ai = {ri2 + i'ni) 

A2 = (^l+#2)- 



(3.7) 
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We also re-write the auxiliary field 

D = H + ^[X,,X2] (3.8) 

By the usual contour shifting argument for a Gaussian integral, H can be taken her- 
mitian. This is true for the partition function ^]5| and also the correlation functions 
1.27| and so makes sense throughout the theory]^. To obtain the related cohomological 



action, make the replacement 

= -l{X3-tX,) 
and take (p hermitian and (p antihermitian. This gives 

-Va[(p, Va] - ^a[0, ^a] + [Xa, 0] [X„ 0] + [0, 0]^ 



(3.9) 



(3.10) 



The key point is that and are taken to be independent. This is clearly not true in 
the Yang-Mills model, and so we have defined an entirely new theory. 

The supersymmetry ^]6| depends on two complex Grassman parameters C,a, and so 
one can break it down to four linearly independent real supercharges. One can easily 
write four linearly independent supercharges of Sym in terms of the new variables, and 
one of these is 

5Xa = Ipa Stpa = [0, ^a] 

50 = -r/2 6r]2 = -[(j),4>] 
50 = 0. 

Since 5^ = [0, ], 6 is nilpotent on gauge invariant quantities. For interest, a repre- 
sentation of all four supercharges is given in appendix 0, together with some relations 
between them. 

The action is 5-exact. 5* = 6Q, where 

Q = Tr(r7i[Xi,X2] + ViH - MXaA] - V2[<PA]) (3.12) 

as can readily be checked. So the symmetry = is manifest. The term cohomo- 
logical to describe the theory is arrived at by analogy of 6 with an exterior derivative. 

In this chapter, we study the supersymmetry operator 6, and in particular we 
address the question of which quantities are supersymmetric under S. Gauge invariant 



^For a more detailed explanation of the contour shifting argument, we refer ahead to equation 

iTtI 
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quantities are formed from traces, and so we seek the general solution to the equation 

(5TrP = (3.13) 

where P is a polynomial in the matrix fields. In the analogy of 6 with an exterior 
derivative, this is the question of finding the cohomology. An important example of 
the use is to find the possible supersymmetric deformations of a given action. One 
usually requires a result valid for any gauge group SU(N), so we shall allow ourselves 
to make the assumption that is suitably large. We shall show that 

5TrP = ^ TrP = 5Trg + TrP(0) (3.14) 

as long as the degree of P is less than 

The proof requires a number of steps. We form a vector space from the polynomials, 
and deal with issues of linear dependence in section p.2| . A major technical difficulty is 
that linearly independent polynomials become dependent after applying a trace. This 



is overcome in section |3.3| by forming a suitable quotient space. Then in section 
the result is proved for a simplified version of 6 in which the [0, ] terms are absent. 
Finally, in section Ol the strands are drawn together to prove the result. 



3.2 Polynomials 

We wish to form a vector space from the polynomials, and eventually argue by in- 
duction on degree. However, there is a technical difficulty. Two polynomials which 
look different, because they contain different strings of matrices multiplied together, 
can turn out to be identical. At this stage, let us be definite and make some careful 
definitions. 

String A string of length / is a map from {1, ■ ■ ■ , /} into the set of matrix fields. For 
example, a typical string of length 5 might be 

s= X, rj, ^ X, ^ (3.15) 
(1) (2) (3) (4) (5) 

Monomial A monomial of degree d > is the matrix product of d matrix fields. The 
monomial of degree is the identity matrix. For example, a typical monomial 
of degree 5 might be 

m = Xi ■ r/2 ■ ■ Xi ■ (3.16) 
where ■ indicates matrix multiplication. 
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Each string of length / is naturally associated to a monomial of degree / by 
applying matrix multiplication between adjacent fields in the string. 

Polynomial A polynomial of degree d is a linear combination of a finite number of 
monomials whose highest degree is d. 

One can form an abstract vector space Vs over C by taking the strings as the basis. 
In Vs, the strings are linearly independent. However, as polynomials, the strings are 
not necessarily linearly independent. This is most easily seen when the matrix size 

is 1 so that bosonic matrices commute. Then the two independent strings Xi X2 
and X2 Xi are identical as polynomials. Even when > 1 so that matrices do not 
commute, it is possible for independent strings to be linearly dependent as polynomials. 
A trivial example is that ip^"^ = when is a traceless hermitian NxN fermion. 

This problem can be overcome by considering only polynomials of degree smaller 
than the matrix size. Assume that the matrix fields are NxN and hermitian. They 
may also have the constraint of tracelessness, but no other constraints. Then the 
strings of length less than A^ are linearly independent as polynomials. 

To see this, denote the strings of length less than A^ by {s^} and the corresponding 
monomials {m^}. 
Suppose 

A^m^^O (3.17) 

for some A'' G C and (without loss of generality) A^ 7^ 0. Write = ■ ■ - V^ where 
the y* are matrix fields and the degree of is d < N. Then, in particular, the term 
^12^23 ■ ■ ■ ^dd+i is absent from p.l7| . But the only monomial which gives rise to this 



term is = ■ ■ ■ Y'^. Therefore A^ = 0, and this is a contradiction. 

Note that no assumptions are made about which of the matrix fields are fermionic 
and which bosonic. 



3.3 The trace 

It will be convenient to work with polynomials rather than traces of polynomials. 
Unfortunately, two independent polynomials can have identical trace. Defining an 
equivalence relation P ~ Q ^ TrP = TrQ, we would like to form the quotient space 
\^/~, where Vp is the vector space of polynomials. 

Consider a polynomial P(y4"), where {A"' : a = 1, ■ ■ ■ , M} are the matrix fields. 
Assume that the only constraints which may be applied to the fields are hermiticity 
and tracelessness. Define an ordering O such that 

• O acts individually on each monomial term in P 
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• O cyclically permutes each monomial in P into a preferred form with a sign to 
respect fermion statistics 

An example of such an ordering would be to define > > > ■ ■ ■. In this case, 
for example, O^A'^A^A^) = (-l)-^4(^2+''^5)^2^5^4 ^j^gj^g j?^ jg fermion number of 

A". 

Then, for deg(P) < 

TrP = ^ C(P) = (3.18) 
so that O gives a mapping to the quotient space. 



To see that g^TS] is true, first note that OP = ^ TrCP = ^ TrP = by the 
cyclic property of trace. 

Conversely, suppose OP ^ 0. Consider a particular monomial term in OP: 

OP = XY^---Y^ + ■■■ (3.19) 

where A is some non-zero coefficient. Then TrP = TrOP contains the term: 

TrP = XY,\Y,l ■ ■ ■ F^U ■ ■ ■ (3-20) 

Since OP is ordered, the only monomial that can give such a term is Y^Y"^ ■ ■ ■ Y'^ . 
Therefore this term cannot be cancelled and so TrP ^ 0. Deduce TrP = ^ OP = 0. 

An ordering operator O is not the most useful way of dealing with the trace. Since 
there is no way that O will commute with any form of supersymmetry operator, it is 
more helpful to use the following: 

Let Pm be a polynomial in which all of the terms are of degree M. Then for M < N 

TrPM = ^ ^ Pm = (3.21) 

cyclic 

perms 

The cyclic permutations act on the matrix fields in the monomials, and include a sign 
to respect fermion statistics. For example, suppose P = AP1P2P3 + /UP1P2P4 where 
the Fi are fermionic and the Pj bosonic matrix fields. Then the cyclic permutation 
cr = (123) acts as 

aP = -AP2P3P1 + /UP2P4P1 (3.22) 



Equation 3.21 follows easily from 3.18. First note that 



J] Pa/ = ^ OPm (3.23) 



cyclic cyclic 

perms perms 
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Then 

TtPm = ^ OPm = 0^ J2 = ^ J] Pm = (3.24) 



cyclic cyclic 

perms perms 



Conversely 

Tr J2 = MTiPm (3.25) 



cyclic 

perms 



and so 

J2 Pm = ^ TtPm = (3.26) 



cyclic 

perms 



3.4 Decomposition of the supercharge 



If the expression for 6 (|3.11 ) did not contain the commutator terms, our task to classify 



the supersymmetric quantities would be much simpler. In this section, we decompose 
the supercharge into two parts, and prove our result for the simpler part. This will 
allow us to tackle the full supercharge in the next section. 
Returning to the specific theory under discussion, let us write 

A^ = Xi, A^ = X2, ^3 = 0, A^ = r], (3.27) 

5^ = V^i, B^ = ^2, B^ = -rj2, B^ = H (3.28) 
Then the supersymmetry 5 can be written as 

i — \A, Ai^ 

(3.29) 

If one considers also the six- and ten-dimensional cohomological matrix models, one 



5 A' = B' , 5B' = [0, A\ 
6(f) = 



finds an identical form for S and so the results from this point on apply equally 

to all three theories. 

Define two new operators d, A by 

dA' = B' , dB' = Q , , 

3.30 

d(j) = 

AA' = , AB' = \6, A'] 

^ 3.31 

A0 = 
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One can very easily check that the following relations hold on polynomials 

z) S' = [^, ] 

U) d^ = 



III] 



A2 = (3.32) 



iv) 6 = d + A 

v) {d,A} = 52=[0, ] 

and that the operator d has the useful property 

d^PM=Y^ dPM (3.33) 

cyclic cyclic 

perms perms 

which will allow us to deal with the trace. 

This nice property p.33| makes the operator d much simpler to deal with. We begin 



by forgetting the trace and proving the following result for a polynomial. Let P be a 
polynomial of degree less than A^, and suppose dP = 0. Then 



dP = O^P = dQ + R{(f)) (3.34) 

for some polynomials Q and R. 

To show p.34| , we use induction on the degree of P. The case deg(P) = is simple 
since then P = XI = R{(f)). When deg(P) > 0, expand 

p = A'S' + B'T + (j)U + XI (3.35) 

for some polynomials 5**, T* and U, and a constant A. Applying d, 

= dP = B'S' + {-if^A'dS' + {-if^B'dT + (f)dU (3.36) 

where the notation (—1)"^' is shorthand for ±1 respectively as A* is bosonic or 
fermionic. Then in particular, since d maps bosons to fermions, (— l)'^' = (—1)"^'+^. 
Since deg(P) < A^, the strings are linearly independent (section |3.2| ), and we deduce 

S' + {-l)^'+^dT = (3.37) 



(and note that since d"^ = 0, 



3.38 



dS' = 
dU = 0. 
is implied by p.37|) . 



(3.38) 
(3.39) 
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By induction, dU = implies 

U = dV + W{(f)) (3.40) 
where V and W are polynomials. Then substituting |3.37| and p.40| back into |3.35| , 

P 



A'i-iy^dT' + B'T' + (f){dV + + XI 

d{A'T' + (j)V) + (j)W{(j)) + XI 
dQ + Ri4>) 



(3.41) 



and the result 3.34 follows 



Finally in this section, we introduce the trace. Let P be a polynomial of degree 
less than N, and suppose dTiP = 0. Then 



dTiP = ^ TrP = dTiQ + TrP(0) 



(3.42) 



for some polynomials Q and R. 

To see this, write P = Pq + ■ ■ ■ + Pm where each Pj contains only monomials of 
degree i. Then, since d preserves the degree of monomials. 



ciTrP = ^ dTiPi = 

TidPi = (i = 0,---,M). 



The case of i = is simple. For i > 0, using p.21| implies 



cyclic 

perms 



and using |3.33| 



^ P, = 0. 



cyclic 

perms 



Then |3.34| gives 



Pi = dQi + Ri{(P) 



cyclic 

perms 



for some polynomials Qi and Ri, so that 



1 



TiPi = -Ti{dQ, + Ri{(f))) 



(3.43) 



(3.44) 



(3.45) 



(3.46) 



(3.47) 



by the cyclic property of trace. Then summing over i gives the result. 
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3.5 Extension to the full supercharge 

The task now is to extend the result from d to 6. The commutator terms in the 
definition of 6 make it much harder to deal with the trace. Specifically, S does not 
commute with the sum over cyclic permutations. Instead, we proceed with a less direct 
approach, and make use of the result for d. 

We begin with a technical result. Suppose Pk is a polynomial of degree k satisfying 
dATrPk = 0. Then there exists a polynomial T such that 

dATiPk = ^ dTiPk = id + A)TrT, (3.48) 

as long as N > 

The proof follows an inductive argument. By |3.42 , 

dATrPk = ATTPk = -dTTPk+i + Rk+i{<P) (3.49) 

for some polynomials Pk+i and Rk+i of degree k + 1. Since neither d nor A can produce 
monomials only in (p, Rk+i{4>) = 0. Then 

dTrPk = {d + A)TrPfc + dTiPk+i (3.50) 

On any monomial, d acts to increase the number of fields of type by 1, whilst A 
acts to decrease the number of 5* by 1. 

Let Mfc be the maximum number of 5* occurring in any term of Pk- Then since 
ATrPjt = dTiPk+i, we have 

Mk+i = Mk-2 (3.51) 

Proceed inductively to find 

dTiPk = {d + A)Tr(Pfc + P,+i + . . . + P,+J + dTiPk+g+i (3.52) 

where Pk+q+i contains no P* fields at all. Then ATrP/c_|_g_(_i = and so 

dTiPk = id + A)Tr(Pfc + • • • + Pk+g+i) (3.53) 

which proves the result as long asA^>A; + g + lso that each inductive step is valid. 
Noting that the case Mk = k is special and can be reduced to the case Mk = k — 1, 
one finds that > ^ is a sufficient condition. 

We are now ready to prove the main result of this chapter. Suppose the matrix 
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fields are of size A^, and P is a polynomial in the matrix fields. Then for deg(P) < 

5TtP = ^ TrP = 5TtQ + TrP(</)) (3.54) 

where Q and R are polynomials. 

To show this, write P = Pq + ■ ■ ■ + Pm where Pi contains monomials only of degree 
i. Then 

6TtP = {d + A)TrP = (3.55) 

and since d preserves degree whilst A increases degree by 1, we have 

ATrPM = 

ATrPi + c/TrPi+i = 0, i = 0,---,M-l (3.56) 
dTrPo = 



ByiH 



dTiPo = TrPo = dTiQo + TrPo(0) (3.57) 

and 

ATrPo + dTrPi = ^ A(c;Trgo + TrPo(0)) + dTrPi = 

d(-ATrQo + TrPi) = (3.58) 
^ TrPi = ATrQo + dTiQi + TrPi(0). 

Repeating the same argument inductively gives 

TrPi = ATrQi_i + dTiQi + TrRi{(f)), i = l,---,M (3.59) 
for some polynomials Qi and Ri{(p), so that 

M 



TrP = dTiQo + TrPo(0) + ^TrQi^i + dTiQi + TrPi(0) 

i=l 

M-1 M 

= (d + A) ^TrQ, + ^TrP,(0) + ciTrQM. (3.60) 



i=0 i=0 



If we now apply 5 to |3.60| we find 

STrP = ^ AciTrQM = (3.61) 
and so the technical result |3.48| gives 

dTrQu = {d + A)Tr5 (3.62) 
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for some polynomial S. Then, since 6 = d + A, substituting |3.62| back into ^.60| proves 
the result. 

3.6 The Yang-Mills Supercharge 

The only non-trivial change in moving from the Yang- Mills model to the Cohomological 
model was the change of variables (|3.9| ) 

_ 2V 3^ 4; g 

= -i(X3-2X4) 

since in the Cohomological formulation, we took and independent and respectively 
antihermitian and hermitian. Thus we can write the supercharge |3.11| in the Yang- 
Mills formulation simply by making the replacement |3.63| , 



6X^ = ^, 5^„ = [i(X3 + 2X4),Xj 

X. -^ iXA n,l 

(3.64) 



SXs = V2 5r72 = f[X4,X3] 
5X4 = ir]2 

where now X3 and X4 are independent Hermitian matrices^. If we label the matrix 
fields A", with = Xi, = ipi, etc, then |3.64| can be rewritten as a first order 
differential operator 

5 = (M«)^ (3.65) 

where we sum over the repeated index a and, for example, 6A^ = 6X1 = ipi. 

In an identical way, we can write the supercharge of the cohomological theory as a 
first order differential operator. Thus, the result of the previous sections amounts to 
finding the general solution of the first order differential equation 

ScoHof = (3.66) 

with the constraint that the function of matrix fields / is of the form / = TrP with 
P a polynomial. 

Lets now take a solution / to this equation. Up to this point, and have been 
respectively antihermitian and hermitian matrix fields (and of course, independent). 
However, since / is a polynomial, it is a trivial matter to analytically continue / so 
that and become general complex matrices. Since this is an analytic continuation. 



•^H ere we refer the reader again to the note made after equation 3.6. The Yang-MiUs supercharge 
\i.64 does not preserve hermiticity of the matrix fields since we are using Euchdean metric. 
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in particular the differential equation ^.66| still holds. 



Now change variables from and to X3 and X4 using equation Then, using 
the chain rule, |3.66| becomes 

SvMf = (3.67) 
where Sym is of course precisely the differential operator which is the Yang-Mills su- 



percharge |3.64| . Of course, X3 and X4 are general complex matrices, but we can now 
restrict their domain to the hermitian matrices to arrive back at the Yang-Mills theory. 

Thus we have discovered that, if we have a solution 6coHo'~^''^P = in the cohomo- 
logical theory, then we can take P and simply make the replacement |3.63| to obtain a 
solution in the Yang-Mills theory. Conversely, if we have a solution (5yA/TrP = in 
the Yang-Mills theory, this gives us a solution in the cohomological theory. 
Then the result of the previous section extends immediately to the Yang-Mills theory. 



SymTtP = ^ TrP = SymTtQ + TiRiX-s + iX^) 



(3.68) 



as long as the degree of P is less than 



3.7 Concluding Remarks 

We have considered the SU (N) Yang-Mills and cohomological matrix models in four, 
six and ten dimensions, and shown that 

ScoHoTtP = ^ TiP = 5coHoTTQ + TiRi(P) (3.69) 
5ymTtP = ^ Ti P = 5YMTrQ + TrR{X3 + iXi) (3.70) 

as long as the degree of P is less than 

Although the large N limit is a case of particular interest, it would also be interest- 
ing to understand what happens when is small, or the gauge group is not SU{N). 
At present, we do not know of any counter examples to the general formulae |3.69| , |3.7CI| 
in these cases. It would also be interesting to understand whether the result can be 
extended to a general gauge invariant quantity consisting of an arbitrary function of 
traces. 



Chapter 4 

The Deformation Approach 



We now return to the approach of Moore, Nekrasov and Shatashvih |^ . These authors 
begin with the cohomological action |3.1CI| with gauge group SU (N) , and consider the 



partition function 

J d(l)dXidX2dipidip2drj2drjid(t)dHe~^''°'' . (4.1) 

They add additional terms to the action Scoh Scoh + ^^Scoh in such a way as 
to preserve some supersymmetry. They are then able to use Witten's localisation 
principle ||4l|] to integrate out the fields H, (j),ri,ip, X , leaving an integral over just 0, 



and use the gauge symmetry to diagonalise (p in the usual way. The result is an integral 
of the form 

■■■#Ar_lz(01,---,0Ar_l) (4.2) 



where the (pi are the eigen-values of (p. With the form of z which is obtained from 
these manipulations, the integral is divergent. However, MNS complete the contours 
of integration in either the upper or lower half plane following a certain prescription, 
and perform the contour integrals. In dimensions D = 4,Q, 10, the results are identical 
to the value of the Yang-Mills partition function |1.23| in every case that it is known 
either numerically or exactly. Furthermore, recently the result has been extended to 
some groups other than SU{N) and compared to numerical calculations, and again 
the results agree [p!0| , [33|l . 

There are two puzzles in this calculation. The first is the question of why it should 
be allowed to replace the Yang-Mills theory with the cohomological theory, and the 
second is why following the MNS contour prescription gives the correct result. It 
was hoped that finding the answer to the first question would naturally answer the 
second (see for example |^2| in which these methods are applied to the one- dimensional 



theory). 

In this chapter, we carefully apply the deformation method of MNS directly to the 



4.1 Yang-Mills Integral 
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Yang-Mills model. This involves finding a deformation of the Yang-Mills action for 
which we can be sure that the integrals converge at every step. The final result is 
closely related to the formula of MNS, and we indicate how the result as it stands 
comes to be divergent. However, sadly the MNS contour prescription does not arrise 
naturally and we must again impose it by hand. 



4.1 Yang-Mills Integral 

We begin by recalling the model. We shall discuss the D = 4, SU{N) model in detail. 
The action is (|3rT| ) 

Sym = -Tr Q[X^,X,]2 + Aa^[X^,A]j (4.3) 

All fields are NxN matrices and transform in the adjoint representation of the gauge 
group G = SU (N). The gauge fields (/i = 1, ■ ■ ■ , 4) are restricted to the Lie algebra 
of G which is the set of traceless hermitian matrices. The fermions Xa (a = 1,2) are 
complex traceless Grassman matrices. The are the 2x2 matrices defined in |3.3| . 
The matrix integral giving the partition function is 

Z = J dXdXdDexp Tr X^? + Xa^iX^, X] - 2D^^ (4.4) 

As usual, an auxilliary field D has been added. So that the integral over D does not 
affect the result, we must fix the measure for D, 



dDe-^^"" = 1. (4.5) 

For completeness let us fix the integration measure of the other fields now. Write any 
hermitian matrix Q in terms of its real and imaginary parts 

q = qS + iqA (46) 

so that and are respectively symmetric and antisymmetric real NxN matrices. 
We define 

rfQ=2^^^(^-i)n<n< (4-7) 

i>j i>j 

taking — when Q is bosonic, and + when Q is Grassmann. The leading powers of 2 
may seem rather cumbersome, but they have an advantage as we shall see in equations 



4.11| and [4.12| . Since there are equal numbers of bosons and fermions, these powers 
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cancel in any case. 

It is often inconvenient to integrate hermitian matrices directly, so we define for a 
general complex matrix M 



M = -{M + M^) + —{M - M^) {U 
2 



and conversely 

For Q hermitian, observe 



M =hM + M^) + ^{M - M^) (4.9) 



Q = g^ + Q^ (4.10) 



so that Q ^ Q gives a 1-1 correspondence between the real and the hermitian NxN 
matrices. With respect to the new variables, the measure is 

dQ = dQ (4.11) 

where 

dQ = Y[dQ,j (4.12) 

id 

is the natural measure on M^^. 

This scheme has the advantage that TtQ^ = TtQQ^ so that a hermitian Gaussian 
integral is 

To integrate over the traceless hermitian matrices, insert 6{TtQ). One finds 



rfQe-T^^' = (4.14) 



'TrQ=0 VN 

A typical fermionic integral over x S'^nd ^ traceless hermitian grassman matrices is 

/ dxdie'^'''^= f ^ dxd'^e''''^''^ = t^'-^N (4.15) 

JTrx=Tr5=0 JTrx=Tr^=0 

as can readily be checked. 



The first step is to replace D in [4.4| with 



D = H+^[XuX2]. (4.16) 
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Then the auxilhary part of the integral becomes 



J dHexp |-2Tr(if + ^ [Xi,X2]f^ = j dH exp |-2X](i/., + z^.O^j (4.17) 

where C = ^ [Xi, X2]. The contour of integration of each of the Hij is displaced from 
the real axis by —iCij. However, we can use the usual argument for Gaussian integrals 
to shift the contours down onto the real axis. This means we can take the H defined 



m 



4.16 to be hermitian. 



At present, H has the normalisation 4.5 which is inherited from D, whilst the 



X^ have measure normalised by |4.14| . For later convenience, we now exchange the 



normalisations of the measures of X4 and H. This of course leaves the matrix integral 



0| unaffected. Thus the measure of X4 is now normalised so that 

dX^ 5(TrX4) e"'^-"^' = 1 (4.18) 



whilst Xi , X2 , X3 and H are all normalised according to ^.14 



We also follow the notation of the previous chapter ( p. 71) and split the fermions 
into hermitian and antihermitian parts 



A2 = (^l+#2) 



(4.19) 



so that one of the supercharges is ( p.64| ) 



SX, = ija <5^,= [i(X3 + 2X4),Xj 

6r],=H 5i7= [i(X3 + zX4),r/i] 

5X3 = 7/2 6r]2 = ^[X^,Xs] 
5X4 = ir]2. 



(4.20) 



We note that we can scale the exponent in [4.4| by a constant and leave the integral 
invariant. Then, for later convenience, we shall include include an extra factor | so 
that, in terms of the new variables, the action becomes 



S 



Tr ({H + \ [Xi, X2]f - \ J2 [X„ X^f (4.21) 

\ fJ.>U 

-eabVl [^a, Xb] - 1]a^ [(X3 + 2X4), 7]^] - tpa^ [(--^3 + 7X4), V^^] + r]2 [ipa, X^] j . 
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The action is (5-exact, S = 6TtQ, where 

Q = (^r]i [Xi, X2] + r]iH + ^M^a, X3 - iX^ - ^r/sfXg, ^4]^ (4.22) 
as can readily be checked. So the symmetry 55" = is manifest. 

4.2 Deformation 

Our tactic for calculating the partition function is to add small mass terms to the 
action in a prescribed way that will make the integrals easy, and then send the masses 
to zero afterwards. Of course, we shall eventually have to worry about whether the 
integration commutes with the limit of masses going to zero, but for the moment we 
concentrate on finding a suitable deformation of the action. 

Ultimately, we wish to use the supersymmetry to perform the integrals, so we must 
find a deformation of the action which preserves some supersymmetry. Our aim is to 
include a mass term for each field. Our first attempt would be to try to preserve 6 
exactly. However, the result of chapter ^ shows that then the action must take the 
form S = 6TtQ + eSTiR + fiTrWlX^ + 1X4). One can quickly discover by playing 
with 6 that it is not possible to generate mass terms in this way. Therefore, we must 
actually deform the supercharge itself. 

Lets introduce a deformation parameter e. The deformed action will be 

S-def = S + eSi + e^S2 + --- (4.23) 
where the Si are all gauge invariant. The simplest possible modification of S is 

6 = 6 + eT (4.24) 

where T is some operator. Then 

f = 6^ + e{6,T} + e^T^ (4.25) 
Our aim is to preserve the supersymmetry, so that 

6Sdef = (4.26) 
Since 5^ = on gauge invariant quantities, 

5S'def = fSd,{ = {6,T}S = (4.27) 
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and so {6, T} generates one of the continuous bosonic symmetries of S. These are the 
gauge transformations and SO{D = 4) rotations. We follow ||3^,^[]and use an S0{2) 
subgroup of the SO {4) 

(4.28) 

to set 

{5,T}=U. (4.29) 
Now W is a compact symmetry which we would like to preserve, so we impose 

{5,T}5, = 0, I = !,■■■ (4.30) 

Then (|]23D and (|4]2|) imply 

T^S = T^Si = 0, i = !,■■■ (4.31) 



and so we shall require 



= 0. 



The simplest possible form for T is linear 



(4.32) 



(4.33) 



where are the matrix fields and are some parameters. Imposing [4.29 and 4.32 
on [4.33 gives two possibilities 



(i) 



(ii) 



TX, 

Trji 

TX4 








TXa = 







— i^abXb 


TXs = 


—ivrji 


Tr]2 


= -iuH 


Tr]i = 





TH 





TX4 = 









-z^l{X,-tX,)-iXUXs + iX,) 



Tr]2 
TH 



i^abXb 



ilV2 



(4.34) 



(4.35) 



where z/, 7 and A are complex parameters. 

^These authors apply the locaUsation method to the cohomological theory where, although 50(4) 
is broken, this 5*0(2) is still a symmetry. 
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The first possibility is not helpful for generating mass terms in X3 and X4, so we 
consider only the second possibility. Then we have arrived at an altered supercharge 
6 = 6 + eT which we hope to be able to preserve as a symmetry of a regularised action. 



l[Xs + iXi,Xa]+ieeabXb 

|[X4,X3] 



SXa = tpa, Slpa 

SXs = r]2, 5?72 -- 

67]i = H~tlMX,-tX^) + X{X, + zX,)} 

SH = I [X3 + iXi, r/i] + ie'jr]2 

5X4 = ir]2 



(4.36) 



This modified supercharge 6 has the property 



-p2 



S =5' + tU 



(4.37) 



The first row of ^4.36| is the part which generates the rotation U. This corresponds to 
the deformation used in and |^ for the cohomological theory. However, we have 



also added the terms in the third row of |4.36| in order to generate some useful mass 
terms for X3 and X4. 

2 

On W-invariant quantities, 5 = 5^. This gives three particularly useful identities: 

(i) 6 = 5^ on quantities independent of Xa^ipa 

(ii) f{^M = 6\tPM 

(iii) fie^f'i^^Xp) = 52(e"/5^^X^) 

We are now ready to define the deformed action. Recall that the original action is 



S = STiQ where Q is defined in equation [4.22| . We define 



^def = STtQ - iki6TtRi - ik2STtR2 - ^Tr(X3 + iX^f. 



(4.38) 



Using the identities above, we note that Q is W-invariant. If we also choose Ri and 
R2 to be W-invariant then ^def will satisfy 



6S, 



dcf 







(4.39) 



so that (5 is a supersymmetry of the deformed action. Further, the original action 5* 
will be recovered in the limit e, ki, K2,/i 0. Specifically, we choose 



(4.40) 
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and 

R2 = lviiX3-tX,) (4.41) 

which are again both W-invariant by the above identities. 

For reference, the complete deformed action given by this prescription is given 
in appendix p. However, for our present purpose, we shall find it useful to choose 
parameters 

A = 

7 = -3 (4.42) 
Ki = e. 

and we also impose 

/i^ < 3eK2. (4.43) 

Then the deformed action is 

'S'def = S 



+eTr (^X4 [Xi, X2] + 3-(X3 - tX,)H + 3t7]i7]2 + %^x^2 + -{Xi + X^) 
+/€2Tr [-]^H{X^ - 2X4) + ^(X3 - iX^f + zr7i772 
-/i^Tr Q(X3 + zX4)^ (4.44) 
We now consider the deformed partition function 

>2def = y dXidXidX2dHdX3diiJidilj2dr]2dr]ie~^''''^. (4.45) 

We must first check that this is a convergent integral. Performing the integrals over 
the fermions generates a polynomial which is the deformed version of the Pfaffian, so 
we write 

2de{ = j dX4dXidX2dHdX3Vdcf{Xa) exp{-SdefU=r,=o) ■ (4.46) 



We shall always perform the integrals in the order indicated by the measures of |4.45 



and [4.46| , so we begin by considering the integral over X3. We see from [4.44| that the 



integrand is exponentially damped in X3 as long as the condition |4.43| holds. This 
means we can change variables from X3 to 

= -i(X3-^X4) (4.47) 

and then follow the same procedure as before^ to shift the contours of integration so 
^That is, the procedure we used to change variables from D to H and then take H hermitian. 
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that d> becomes hermitian, and the measure becomes 



(4.48) 



One might worry that after doing some of the integrations there may be some poles 
that we should pick up. However, since the integrand is continuous, we can always 
change the order of integration so that the contour we are shifting is the first, and in 
that case we do not have to worry about any poles since the integrand is analytic. 
In this new picture, the deformed action is 



def 



S 

+eTr [Xi, X2] - 3#ff + Sir/iT^s + #i^^2 + + Xl 



+K2Tr {i<pH + 3e0^ + zr/ir/a) 
-/i^Tr (zX4 - ■ 



2 



(4.49) 



where 



S 



1t{H'' + H [Xl, X2] + i[Xa, X4] [X„ 0] - [X„ 0] - [X4, <Pf 

-e"^"//! [V'a, X,] + r72[^a, Xa] " //a [^^4 - 0, r/„] - [0, i^a] } (4.50) 



and the deformed partition function 



-Zdef = j dXidXidX2dHd(j)Vdei exp{-Sdei\'ip='n=o) ■ (4-51) 



It is now easy to see that Z^ef is convergent, since [4.51| is absolutely convergent. To 
check this, we examine the real part of the exponent: 



Re(S 



def\ip=ri=Oj 



> Tr 



(4.52) 



where the inequality is obtained by dropping some positive terms from S. Then since 
we assumed 3e/t2 > /i^, we see that the deformed partition function [4.45| is a manifestly 
convergent integral. 



4.3 Integration by Parts 
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4.3 Integration by Parts 

In the current scheme, the deformed supercharge ( [4.36|) is 



5Xa 


= V'a 




= [1X4 - (j), Xa] + ie eabXi 




= -V2 




= -^[^4,0] 




= H-3ie'^ 


6H 


= [1X4 - 0, r]i] - 3ier]2 


5X4 


= iri2 







(4.53) 



As short hand, lets write A"- for the matrix fields so that = X4, A"^ = Xi, and 
so on. We write dA for the measure dA = dA^ ■ ■ ■ dA^. Then the deformed matrix 



integral 4.45 has become 



Zde{{e, H2, ^J') = / dAe 



(4.54) 



Differentiating with respect to ^2 gives 

d 



where 



Zdciie, K2, jj,) = -i / dA5{TrR2)e 



R2 = -riicf) 



(4.55) 



(4.56) 



as we see from the definitions [4.38| and [4.41| . This integral is also manifestly convergent 
because of the exponential vanishing of e'^"^"^ . Since SS^ei = we have 



_d_ 



2def(e, K2,^) = -i j dAS{TrR2e-^''^') 



(4.57) 



As before, we write the supercharge |4.53| as a differential operator 

- - d 



dA" 



(4.5J 



We note from |4.53| that each 5A'^ is independent of the matrix field A'^. Thus we can 
write 



S ■ = (M") 



d 



OA" dA 



and so 



_d_ 



(4.59) 



(4.60) 



We consider each term in the sum over a in this expression separately. 

If A"" is fermionic, then each A? is Grassman. Differentiating d/dA'^j removes A^j 
from the integrand, and so the integral is identically zero. 
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If A"" is bosonic, then since the integrand vanishes exponentially, we also get zero 
by the divergence theorem. So we have found 

d 

Zdef(e, K2,/i) = 0; (4.61) 



the deformed partition function is independent of K2. Our tactic will be to evaluate 
the integral when K2 is large. 

The part of the deformed action ( |4.49|) which depends on k,2 is 



K2Tr{i(f)H + 3e/ + = «:2Tr(3e(0 + ^Hf + -^H^ + i7],7]2). (4.62) 

be lie 

We shall take K2 large, and use a saddle point method to integrate out 0. To avoid 
breaking the flow of argument here, a full description of the relevant saddle point 
method is included in appendix |y. The first step is to follow the by now familiar 
technique, and set = + -^H, and shift the contours so that (j) becomes hermitian. 



In order to apply the saddle point method, we use equations 4.8-4.14 to change to tilde 



type variables, and then apply the method to each of these real integration variables. 
Then we find localises at —-^H, and H localises at 0. Thus 

d^dHgi^, H) exp [-t,2'Ti{i4>H + Se^')} = ^ ^(0, 0) + O (/^^"^'^ 

(4.63) 

where the 2^ ~^ factor comes from the factors 3e and (12e)~^ which appear in equation 



4.62 



We would now like to integrate out rji and 772- Consider 

I{f^2) = j dr]2dr]if{r]i,r]2)ey:p{-iK2Tr'r]ir]2) (4.64) 
for some /. Changing variables to i]i,r]2, this is 

= J di]2d7]if{f]'i,f]2)exp{-iK2TTf]'i^i]2) (4.65) 
and using (TTf]i^7]2)^^ = (since ifi and i]2 are traceless real NxN Grassman matrices), 

/(^2) = J dv^dff2fi0, 0) _ {TTff,^ii2f'-' + OiKf-'). (4.66) 

Note that we also switched the order of integration of rji and 772 in order to cancel the 
(-1)^-1 which came from expanding the exponential. At present, we are integrating 



4.3 Integration by Parts 
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over traceless 771 , 772 • It is simpler to do the integration if we insert 



5(Tr?7i) = {r]i)u H \- {r] 



l)NN 



(4.67) 



and similar for 772? and integrate over the full matrices. If we do this, and also expand 



the trace in 4.66, we find 



1 / drridrr2fi0,0)Kf-'Nl[rri,^rr2,, + O{K 



2 J 



(4.68) 
(4.69) 



We can now use these results to integrate out 0, H, rji and 772 from the deformed 
partition function 



Z. 



def 



dX4dXidX2dtpidip2dr]idT]2dH {2^^ ^dcp) exp(— Sdef ) 



(4.70) 



dXidXidX2dipidilj2 exp(— S'def) 



'?l=»?2=0,(/>: 



However, since we know Z^d is independent of K2, the 0{k2 ^) terms must actually be 
zero. Writing this out in full gives 



•'def 



dXidXidX2dil)idip2 



exp Tr (^-eX4 [Xi, - e^^i^a - ^(X^ + X^) - ^^Xlj (4.71) 

and we note here that we can scale out a factor of e from the first three terms in 
the exponential. This process of integrating out 0,//, 771,772 in the large K2 limit has 
sometimes been known as integrating over a BRST quartet. 

The fermions ^/^i, il)2 can be integrated out immediately using |4.15| (but note that 
the sign difference gives an extra factor (—1)^^"^). We can also integrate out X2 by 



completing the square and using [4.14|, to give 



•'def 



2ti 



{At^Y^-^ / dX^dXi exp Tr ( ^ [X4, Xi]' - ^Xl - fi^Xj 



(4.72) 

We now follow the usual procedure to reduce the integral over X4 to an integral over its 



eigenvalues (see for example |Q for an account of this method applied to the SU (N) 
groups). For a function / which depends only on the eigen values xi, - ■ ■ ,xn of X4, 
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we have 



/ dXif{xi, ■■■,xn) =cn / dxi--- dxN Ylixj - XkYf{xi, ■■■,xn). 
Recall that for X4 only, we are using the normalisation J dX^ 5{TiX/^ e 



(4.73) 



(equation |4.18| ). In this case, the constant is 

2^' V^A%72 



Cat 



(27r)Tl!2!---Ar! 



(4.74) 



as can most easily be seen by adjusting the value given in to our conventions. It 



is now convenient to use the tilde notation of equations |4.8| - |4.14| , Xi X, since then 



Tr[Xi,X4] 



(4.75) 



Then 14. 721 becomes 



Z, 



def 



a/JV ^ — ^ (47r)^^~^C7v j dxi - ■ • dx^W^Xj — XkfdX 5{xi + ■ ■ ■ + xn) 



It is convenient to define 



N{N+1) JV-l 
2 2 TT 2 



N 



(4.77) 



since this is the normalisation constant that emerged in the numerical calculations of 
the partition function of MM. Then, integrating out X, we are left with 



Z. 



def 



AT 



(4.78) 



X / dxi ■ ■ ■ dxN 5{xi + ■ ■ ■ + xn) JJ^ 



[Xj Xj) 

^ {Xi - XjY + 



This result is almost identical to the formula of MNS up to normalisation. To get back 
to their formula, we would send /i — 0, and change the sign of the which appears 
in the denominator of the product (this latter difference is an advantage since MNS 
added an imaginary part to e by hand as part of their prescription for performing the 



contour integrals). As it stands, the formula [4.78| diverges in the limit e or ^ 0. 



4.4 Dangerous Fermion Masses 
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4.4 Dangerous Fermion Masses 

Lets summarise. We began by considering the supersymmetric Yang-Mills integral 



0[ We added small mass terms (and a small cubic term) to the action leading to the 



deformed action |4.44 After checking that the resulting deformed partition function 
Z^ef is convergent, we observed that it is independent of one of the small parameters 
K2- Then we followed the localisation method, and calculated the integral by taking 
K2 large. 

We hoped that we could then take the small parameters to zero, and arrive back 
at the original Partition function. However, this is clearly not the case since if we do 
this in equation [4.78| , we get oo, whilst we have shown in chapter ^ that the result 
should be finite. 

A rough calculation indicates why this may be so. We have attempted to deform 
the action by adding mass terms for the bosons and fermions 



5", 



'def 



S + teTr {^1^2 + V1V2) + e'Tr {X^X^ 



(4.79) 



We did not quite achieve this in equation f4.44| since the mass term for X4 has the 
wrong sign. However, rewriting ^4.44| in the form [4.49| shows that [4.79| is a fair model. 



Lets go back to the convergence argument of section 2.3. The new fermion mass terms 



introduce extra insertions into the modified pfaffian |2.108| . However, these insertions 
do not come with associated powers of i?"^^^''^ as they do in the convergence proof, but 
they do each have a power of e. In particular, consider the term in which all the 2{D—2) 
J-type insertions are present (the ^q,). Then we loose a factor i?^2{2-7y)(D-2) ^ j^-4{d-2) 
from the convergence proof, and also an R^~^ from the measure, but gain e^^"^. So, 
without the e^R^Trx^x^ mass terms, we would have 



R 



D-2 



-R^ ■ 



(4.80) 



We have not yet considered the bosonic mass terms which appear in the exponential 



exp ( — R^lix^x^ ) . 



(4.81) 



We would like to find the best possible bound on the e-behaviour of the partition 
function. Thus, we would like to use the bosonic mass terms just enough to make |4.80| 
convergent. We can bound 



exp(-e R Trx/,a;^) < exp(-e R Trp^p^) 



(4.82) 
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and then, for fixed e and large R, the integrations over the in the convergence proof 
lead to an additional (Re)^^. If we add this into the rhs of |4.80| , we see that this sets 



the i?-integration on the threshold of convergence. Thus, the best bound we can get 
on Zdei using the methods we have developed is 

Zdcf ~ e-'. (4.83) 

Thus, the convergence proof (which we found gave perfect predictions for convergence 
of the undeformed partition function) fails for the deformed partition function when 
e ^ 0. Of course, this does not prove anything since this only gives a crude upper 
bound on certain terms of ^def • However, it does indicate very clearly how after adding 
fermion mass terms to an action, we cannot expect to regain the partition function by 
sending the masses back to zero. In the case of SU (2) where no iteration is involved, 
there is a decent chance for this basic argument to give the correct power of e. Indeed, 
setting /i = e in |4.78| , and sending e — 0, we obtain Z^^i ~ 6"2(Af-i) f^j, SU{N), and 



so e-2 for SU{2). 

Since the limit of masses going to zero is dangerous, one might also worry about 
taking the limit ^2 — ^ C)0 in the arguments of the previous section. We know that the 
integral is independent of K2 after doing the integration, but we don't know whether 
we can take k,2 ^ oo before integrating. However in reality, we do not take the limit 
as fi;2 ^ oo first, but rather find the first term in an asymptotic expansion, and use 
the result of appendix y to show that the correction term is finite, and vanishes as 
K2 oo and so is zero. 



4.5 An Unresolved Issue 



We recall that in |^2[, the deformation method was applied to the cohomological 
theory. The result is almost identical to the equation [4.78| that we found by applying 
the method to the Yang-Mills theory. In P2|, this result is found as an integral over 



the eigenvalues of the cohomological theory field 0, whilst we have obtained it as an 



integral over the eigenvalues of X4. The authors of integrated out the 5-function, 
and then set a prescription for completing the contours of the A^ — 1 remaining integrals 
around either the upper or lower half plane. They were able to perform the contour 
integrals, and found 



j) dxi ■ ■ ■ dxjy^i J dxN 5{xi + ■ ■ ■ + Xm) JJ^ ■ 

(4.84) 



(27re)^-i(iV - 1)! J ' ""^ J " ' ' ' ' " ' ^J: x, - xj + le m 



4.5 An Unresolved Issue 



63 



They also applied the same method to -D = 6 and D = 10 theories, and noticed that 
for D = 10 the result corresponds to the conjecture of Green and Gutperle At 



the same time, Krauth, Nicolai and Staudacher were able to apply Monte Carlo 
techniques to evaluate the partition function for some values of and obtained the 
same result for D = 4,6,10, and also calculated the normalisation factor jF/v as a 
group volume. 

It is interesting to understand exactly why the group volume J-'n appears as the 
normalisation factor for the MNS formula. Therefore, it is worthwhile to adapt our 
conventions to those that were used for the numerical calculations and check 

agreement. For D = 4, these authors calculate the partition function defined as 




(4.85) 



where the fermions are written in the real representation of equation |1.23| . Comparing 



to [4.4| , this differs from our definition by a factor (27r) ^"^^^ in the measure, and 



a factor ^ from our potential | [X^,X,^] We can get back to our action ^]3 



by scaling — * 2~4X^ and SsvI/q,. Then we pick up an additional factor 

(2~3)^*^^^~^^ (2i)^^(^^^-'^) = 2~i*^^^~^) in the measure. Then adding these factors into 
the result |4.78| , and sending yU — > 0, leads to 



(27re)^-i(A^- 1)! 



^""r^Jd^^--- ^(^^ + • • • + n (^f: ^^.)?+ ,2 (4-86) 



so that applying the MNS contour prescription gives 

= (4.87) 

in exact agreement with the numerical calculations. 

It was hoped that once the relation between the cohomological calculation of ||3^ 
and the Yang-Mills model was understood, the reason for requiring the contour inte- 
grals would become readily apparent. Sadly, although through the work of this chapter 
we can now understand the calculation entirely from the Yang-Mills perspective, this 
has not come to pass. It is clear from section |4.4| that the problem with the calculation 
as it stands is in the deformation of the action. Therefore, the task ahead is to find a 
new deformation that will still allow all the various steps of the previous calculation, 
but not suffer the problems of the current deformation. For the present, we must leave 
this as an unresolved issue. 



Summary of Results 



In chapter |^ we considered the convergence properties of Yang-Mills matrix models. 
For the bosonic theories, we showed that the partition function converges when D > Dc 
and calculated Dc for each group. We also calculated a critical value kc for each 
group with the property that any correlation function of degree k < kc is convergent. 
Conversely, we showed that there is always a correlation function of degree kc which 
is divergent. 

For the supersymmetric models, we showed that the partition function converges 
when D = 4,6 and 10, and that correlation functions of degree k < 2{D — 3) are 
convergent. This result applies for any compact semi-simple gauge group. 

In chapter |^ we considered the supersymmetric models. With particular reference 
to the D = 4 model, we found all quantities invariant under the supercharge. We also 
indicated how the result extends immediately to D = 6 and D = 10. In appendix 0, 
we point out that all four supercharges in the D = 4 model are related by permutations 
of the fields. Thus the result can immediately be applied to any of the supercharges. 

In chapter ^ we considered how to apply the deformation method of directly 
to the supersymmetric Yang-Mills model with D = 4. We found a deformation of 
the action that can generate mass terms for all the fields and still preserve some 
supersymmetry. This allowed us to integrate over a BRST quartet rigorously, and 



confirm the formula of We showed why this method fails to reproduce exact 

values for the partition function so that an alternative regularisation must be found. 
However, a proof that the contour prescription of Moore, Nekrasov and Shatashvili is 
the correct regularisation remains elusive. 



Appendix A 
Supercharges for D = 4 



In this appendix we give an explicit representation of the four hnearly independent 
supercharges of the D = 4 supersymmetric Yang-Mills matrix theory. They are ob- 
tained directly from the supersymmetry p.6| . We use the notation of chapter 0, and 
in addition, define —H' = H + [Xi,X2]. Although they are written in terms of fields 
(j) and (f) from the Cohomological theory, one can simply make the replacement |3.9| to 
return explicitly to the Yang-Mills theory. 



SlXa 


= Ipa 


Sllpa = 


[^,Xa] 


5l0 


= -V2 


Sir]2 = 


-[0,0] 




= H 


61H = 


[0, ^1] 




= 






S2Xa 




S2lpa = 


Cafe [0, Xt 




= Vi 


52111 = 


[0,0] 




= H 


62H = 


[0, V2] 


^20 


= 






SsXa 


= Va 


hVa = 


[0,X,] 


(^30 


= -i^2 


hiJ2 = 


-[0,0] 




= H' 


S3H' = 


[0, V^l] 


^30 


= 






SiXa 


= -(^abVb 


SiVa = 


Cafe [0, Xf, 


^40 


= ^1 


641^1 = 


[0,0] 


^4^2 


= H' 


64H' = 


[0, ^2] 


^40 


= 
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These obey the algebra 



and so 



5f=[0, ] 51 =[0, ] 

SI = [0, ] Sj = [0, ] 

{61,62} = {6uSs} = -[X,, ] (A.l) 

{Sl,64 = [X2, ] {52,53} = -[^2, ] 
{52,54} = -[Xi, ] {53,54} = 

{6i,6j} = (A.2) 



on gauge invariant quantities. 

As we have pointed out, none of the supercharges in the Yang- Mills theory can 
preserve hermiticity. A nice feature of the Cohomological theory, in which and 
become independent and respectively antihermitian and hermitian, is that then 5i and 
62 become truly real. However, it is interesting that, unlike the Minkowski theory, only 
two of the supercharges preserve hermiticity in this way in the Cohomological theory. 

The action is invariant under certain permutations of the matrix fields. Defining 

n : Ipa^Va 

H ^H' (A.3) 



Va -^abVb 
S ■ Xa — > —€abXi, 

(A.5) 

Va -^abVb 

one finds US ^QS ^J^S ^ S. 

The supersymmetries are related to each other by the permutation symmetries. 
For example 

Q-^SiQ = 62 (A.6) 

S-^(5iE = 62 (A.7) 

n-^^iH = ^3 (A.8) 

U-^6211 = 54 (A.9) 

Each supersymmetry can be related to Si by a permutation symmetry. Rather than a 
model with four supersymmetries, one could think of the theory as a model with one 
supersymmetry together with some permutation symmetries. 
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For interest, it is possible to represent the action 3.1U in terms of all four super- 
charges. There are three ways of doing this: 



S = l6iS2S3S4TrXf 
= — 6 1626 36 4Tr (j)(f) 



(A.IO) 



Since the 5j anticommute, these representations render 5* manifestly invariant under 
all four supercharges. 



Appendix B 
Deformed Action 



The deformed action [4.38| written out in full is given by 



def 



S 

+eTr ('-{j + 2)(-X3 + iX,) [Xi,^^ - ^7(^3 - ^X,)H 



--A(X3 + zX,){H + [Xi, X2]) - t^r]ir)2 



+k,Tt #iV^2 -7;iXs + iX,) [Xi, X2] + -(X^ + Xl 



+K2TT ( -^i^(X3 - 2X4) - ^(X3 - ^X4)2 - ^(X| + X2) + zr^ir^^ 



^^Tr -(X3 + ^X4; 



(B.l) 



where S is the original action 

S = Tr((i/+i[Xi,X2])2-^5^[X„X. 



(B.2) 



-ea6?7l [i'a, Xb] - r]a^ [(X3 + 2X4), r^J - Ipa^ [(--^3 + iX4),1pa\ + 1^2 [i'a, Xa_ 



It is interesting to know how much supersymmetry is preserved by this deformation. 
Certainly, S^ei is invariant under the deformed supercharge 5 given in equation |4.36. 



Since, 5 was deformed from the original supercharge 5i of appendix ^ lets write 
5 = We note that S'def is also invariant under the permutation symmetry Vt defined 



in equation |A.4| . Then, following equation |A.6| , we can define 



^2 = Vt-^5iVL 



(B.3) 
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so that 

52 5def = 0. (B.4) 

Since 5'def is not invariant under the permutation 11, it is not possible to define deformed 
versions of ^3 and ^4 in this way. Thus S'dcf is invariant under only two supercharges 
compared to the four of the original action S. 



Appendix C 

Saddle Point Method 



In this appendix, we prove the precise form of the saddle point method that we use 
in chapter ^. The proof follows the usual argument of integration by parts; see for 
example 

Let g{t) be continuous, twice differentiable and 



converge for n = 0, 1, 2. Then 



dtg{t) exp -kr = ^(0)-^ + R{k) 



2Vk 



where 



\Rik)\ < 



const. 

k ' 



To see this, we use integration by parts. 



POO POO POO 

g{0) / duexp{—ku^)+ / dtg\t) I dvt exp{—kt'^v'^) 
Jo Jo Ji 



where 



R{k) 



dtg\t) I dvt exp{—kt V ). 



(C.l) 



(C.2) 



(C.3) 



(C.4) 



digit) exp —kt"^ 

POO "I OO noo POO 

g{t) I exp{-ku^)du + / dtg'{t) I duexp{-ku^) (C.5) 

Jt J "'0 Jt 



(C.6) 
(C.7) 

(C.8) 
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Integrating by parts again, 



R{k) 



dv 



J 



oo ^/ 



t^f^^+ / rft; / dtg"{t)- ' 



(C.9) 



so that 



dv- 



2v^ 



const. 



(C.IO) 



There is an issue we must address specifically in relation to the saddle point calculation 
of chapter ^. In this case we must repeat the saddle point process many times as 
we integrate out each variable in the matrices (p and H. Properly, we should write 
^2 = + 1. Then setting = (i.e. ^2 = 1) gives us the integrand which corresponds 
to g{t). This integrand is exponentially damped, and so the properties |(J.1| always 
hold. In particular the integrals which define the remainder term always converge. 
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